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Questrom School of Business, Boston University, benade.at.bu.edu

Daniel Halpern
School of Engineering and Applied Sciences, Harvard University, dhalpern@g.harvard.edu

Alexandros Psomas
Department of Computer Science, Purdue University, apsomas@purdue.edu

Paritosh Verma
Department of Computer Science, Purdue University, verma136@purdue.edu

We study the problem of fairly allocating 𝑚 indivisible items among 𝑛 agents. Envy-free allocations, wherein each agent

prefers her bundle to the bundle of every other agent, need not exist in the worst case. However, when agents have additive

preferences and each agent’s value for each item is drawn independently from a distribution, envy-free allocations exist

with high probability when 𝑚 ∈ Ω(𝑛 log𝑛/log log𝑛). In this paper, we study the existence of envy-free allocations under

stochastic valuations far beyond the additive setting. We introduce a new stochastic model where each agent’s valuation is

sampled by first fixing a worst-case function, and then drawing a uniformly random renaming of the items, independently

for each agent; this generalizes various known models. We prove that this random renaming is sufficient to ensure that

envy-free allocations exist with high probability in very general settings. For entirely arbitrary valuations and two agents,

we prove that envy-free allocations exist with high probability. When valuations are non-negative and “order-consistent,” a

class that generalizes additive, budget-additive, unit-demand, and single-minded agents, we show SD-envy-free allocations

exist for 𝑚 ∈ 𝜔(𝑛2) when 𝑛 divides 𝑚, and SD-EFX allocations exist for all 𝑚 ∈ 𝜔(𝑛2).
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1. Introduction
The fair division of constrained resources has been extensively studied by several fields includ-

ing economics, computer science, and operations research. In the classical cake cutting model

(Steinhaus 1948), a continuum must be divided fairly between agents with heterogeneous valuation

functions; since then, many variations of the problem have been studied in settings differing in

divisibility, dynamics, side constraints and fairness notions, to name just a few. Applications of

fair allocation problems include dividing assets in an inheritance or divorce settlement (Pratt and

Zeckhauser 1990, Brams and Taylor 1996), organ transplantation (Bertsimas et al. 2013), allocating

food to individuals or food pantries (Sinclair et al. 2023, Mertzanidis et al. 2024, Alptekinoglu and
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Benadè 2023), resource allocation in shared environments like data centers (Butler and Williams

2002, Armony and Ward 2010) and redistricting (Sherstyuk 1998, Benadé et al. 2026).

The operations research literature offers a rich toolkit for incorporating fairness into optimiza-

tion models. Explicit side constraints can enforce minimum guarantees or balanced service levels;

objective-based criteria such as max-min or leximax prioritize the worst-off agents; inequality-

averse welfare functions penalize dispersion across outcomes; and a growing body of work char-

acterizes the efficiency-fairness frontier in various settings. Different application contexts demand

different approaches; we refer the interested reader to Chen and Hooker (2023) for a more thorough

discussion. In some settings, fairness is best understood as requiring equal treatment or ensuring

that no group falls below an acceptable threshold. In others, it requires richer comparisons across

agents with heterogeneous preferences. In such cases, envy-freeness is arguably the gold standard

for fairness: it requires that every agent weakly prefers their own bundle over the bundle of any

other agent.

We consider the problem of fairly dividing a set M of 𝑚 indivisible items among a set N
of 𝑛 agents. Each agent 𝑖 has a valuation function 𝑣𝑖 : 2M ↦→ R, which maps each subset of

items 𝑆 ⊆ M to a value for 𝑆. Our primary goal is to find an envy-free allocation. An allocation

A = (𝐴1, 𝐴2, . . . , 𝐴𝑛) is envy-free if 𝑣𝑖 (𝐴𝑖) ≥ 𝑣𝑖 (𝐴 𝑗 ) for all 𝑖, 𝑗 ∈ N . Because this is our objective,

we require that all items be allocated; without this constraint, leaving all items unallocated would

trivially achieve envy-freeness. It is easy to see that envy-free allocations do not exist in the worst

case: consider a single item and two agents valuing it positively. Motivated to circumvent this

simple non-existence result, a line of research in fair division studies the existence of envy-free

allocations under stochastic valuations.

To date, this work has focused on additive valuation functions. Recall that a valuation function

𝑣𝑖 : 2M ↦→ R is additive if 𝑣𝑖 (𝑆 ∪ 𝑇) = 𝑣𝑖 (𝑆) + 𝑣𝑖 (𝑇) for all 𝑆,𝑇 ⊆ M with 𝑆 ∩ 𝑇 = ∅; an additive

function 𝑣𝑖 can be succinctly represented with a value 𝑣𝑖, 𝑗 for each item 𝑗 ∈M, such that 𝑣𝑖 (𝑆) =∑
𝑗∈𝑆 𝑣𝑖, 𝑗 for all 𝑆 ⊆M and 𝑖 ∈ N . Dickerson et al. (2014) show that when agents have additive and

non-negative valuation functions, and all item values are drawn independently from a distribution

D, allocations that simultaneously satisfy envy-freeness and Pareto efficiency exist with high

probability for 𝑚 ∈ Ω(𝑛 log𝑛). On the other hand, envy-free allocations do not exist with constant

probability for 𝑚 ∈ 𝑛 + 𝑜(𝑛). In the same setting, Manurangsi and Suksompong (2020) show that

an envy-free allocation exists with high probability as long as 𝑚 ≥ 2𝑛 and 𝑛 divides 𝑚. When 𝑚 is

not “almost divisible” by 𝑛, an envy-free allocation is unlikely to exist for 𝑚 ∈𝑂 (𝑛 log𝑛/log log𝑛).
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Manurangsi and Suksompong (2021) close this gap by proving that envy-free allocations exist

with high probability when 𝑚 ∈ Ω(𝑛 log𝑛/log log𝑛). More recently, Bai and Gölz (2022) extend

these bounds to the additive non-i.i.d. case where item values are drawn independently from agent-

specific distributions D𝑖. However, despite all the interest in envy-free allocations under stochastic

valuations, little is known beyond the additive model.

The goal of this paper is to study the existence of envy-free allocations under stochastic valuations

beyond the additive case. In order to even pose this question, it is necessary to first specify a

stochastic model for generating such valuations. The aforementioned additive model is very natural:

for every agent, we simply need to sample a value for each item, then the value of any subset of items

follows readily from additivity. But how should we go about sampling, for example, a submodular

valuation function?

One may hope to draw inspiration from adjacent fields. The Bayesian setting is the dominant

paradigm in mechanism design, where the worst-case lens fails to provide useful insights or

meaningful guarantees for various fundamental problems including revenue maximization. One

standard “beyond additive” model in Bayesian mechanism design, e.g. in the literature on prophet

inequalities (see Lucier (2017) for a survey), assumes that valuation functions are drawn from

distributions over families of functions (e.g. submodular or XOS functions). Another standard

model, e.g. in auctions, is the “C over independent items” model for a condition C (e.g. “subadditive

over independent items”), introduced by Rubinstein and Weinberg (2018), where, informally, an

agent’s valuation function is parameterized by a vector of types, drawn from a product distribution;

see Rubinstein and Weinberg (2018), Rubinstein and Singla (2017), Cai and Zhao (2017), Chawla

and Miller (2016) for more details about this model. Unfortunately, in both these models it is easy

to pick a valuation function (or a distribution over valuation functions) such that one item has more

value than all other items combined, in which case envy-free allocations trivially do not exist.

In order to study more general stochastic valuations, we need an entirely new approach.

1.1. Our Contributions

A model for general stochastic valuations. Our approach centers on a form of neutrality shared

by existing stochastic models. When item values are drawn identically and independently from

identical distributions (i.i.d.), there is no a priori “discrimination” between items. It is virtually

impossible to make a single item significantly more valuable than all remaining items across all

agents — the scenario above that trivially precludes envy-free allocations. This suggests some form

of neutrality would be very useful when trying to establish a high-probability existence guarantee.
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Motivated by this, we propose a framework that isolates this property by considering the worst-

case over neutral distributions. Formally, we say a distribution D𝑖 over valuation functions is

neutral if it is invariant under item permutations. That is, for any permutation 𝜋 :M →M, a

valuation 𝑣𝑖 ∼ D𝑖 is identically distributed to 𝑣𝜋
𝑖
, where 𝑣𝜋

𝑖
(𝑆) = 𝑣𝑖 (𝜋−1(𝑆)) for all 𝑆 ⊆M. While

we do not claim that such neutral distributions necessarily reflect realistic human preferences,

this invariance holds implicitly in nearly all previous models in stochastic fair division (with the

exception of (Farhadi et al. 2019), discussed later). By explicitly isolating it, we seek to understand

if this structural property is the true driving force behind the existence of fair allocations. We ask:

is this property alone sufficient? Do envy-free allocations exist with high probability when each

agent 𝑖’s valuation is drawn independently from a neutral distribution D𝑖, even in the worst case

over the choice of these distributions?

Observe that any neutral distribution can be equivalently viewed as a mixture over the permutation

orbits of fixed valuation functions. Therefore, taking the worst case over all neutral distributions is

mathematically equivalent to the following generative process: first, an adversary fixes an arbitrary,

worst-case valuation function 𝑣𝑖 : 2M→R for each agent 𝑖; then, the items are renamed uniformly

at random and independently across agents. Slightly more formally, after the worst-case valuations

𝑣𝑖 are fixed, a uniformly random permutation 𝜋𝑖 :M→M is sampled for each agent, and their

resulting valuation function becomes 𝑣𝜋𝑖
𝑖

.

Unfortunately, it is not hard to see that neutral distributions alone cannot guarantee the existence

of envy-free allocations. Consider, for example, an identical additive function, i.e., 𝑣𝑖, 𝑗 = 1 for all

𝑖 ∈ N , 𝑗 ∈M. Random renaming has no power and leaves the values unchanged. For this function,

when 𝑛 does not divide 𝑚, envy-free allocations do not exist: It is impossible to perfectly equalize

the bundle sizes, so, in any allocation, agents with fewer items will envy those with more. Thus, there

certainly must be some requirements depending on divisibility, but one might expect that several

other additional conditions must be met for envy-free allocations to exist with high probability.

EF allocations under arbitrary valuations. For 𝑛 = 2, we show this intuition is entirely false. In

Theorem 1, we provide a tight characterization demonstrating that, strikingly, the identical additive

instance is essentially the only valuation for which envy-free allocations fail to exist. When 𝑚 is

even, envy-free allocations exist with high probability; when 𝑚 is odd (and the indivisibility of

items prevents an equal partition), envy-free allocations fail to exist with high probability only

under a mild generalization of uniform identical values, roughly, that agents prefer bundles of the

same specific size. This failure mode is quite specific; for any other arbitrarily general valuation
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functions, envy-free allocations reliably exist with probability at least 1 − 1
𝑚/2+1 . We impose no

constraints on these valuations, they can be superadditive, non-monotone, or mix positive and

negative bundle values. We match this with a simple instance where existence fails with probability

1/𝑚, proving the bound is tight up to a constant.

The proof of Theorem 1 relies on the insight that a valuation function can be represented as

a hypergraph on 𝑚 vertices, where a hyperedge indicates that the corresponding subset of items

is preferred to its complement. In this representation, a random permutation of items’ names

corresponds to picking a random, isomorphic hypergraph. Whenever the hypergraphs corresponding

to the two agents’ valuation functions are not identical, an envy-free allocation exists: allocate 𝑖

the bundle corresponding to the hyperedge present in 𝑖’s hypergraph and not 𝑗’s. Using the orbit-

stabilizer theorem, we reduce our question about the existence of envy-free allocations to a question

about the number of automorphisms of 𝑘-uniform1 hypergraphs. In Theorem 3, which may be of

independent interest, we establish the main technical ingredient required for Theorem 1 and prove

that the number of automorphisms of a 𝑘-uniform hypergraph on 𝑚 vertices is at most 𝑚!
𝑚−𝑘+1 . This

is generalized to arbitrary hypergraphs under a mild condition in Corollary 1.

EF allocations under order-consistent valuations. In Section 4 we consider a structured valuation

class that strictly generalizes additive valuations. Given an order over the items 𝜋, we say that a

subset of items 𝐴 stochastically dominates a subset of items 𝐵, denoted as 𝐴 ⪰sd
𝜋 𝐵, when the best

item in 𝐴 (according to 𝜋) is weakly better than the best item in 𝐵, the second best item in 𝐴 is weakly

better than the second best item in 𝐵, and so on. We say that a valuation function 𝑣 is order-consistent

with respect to 𝜋 if, for all bundles 𝐴, 𝐵 ⊆M, 𝐴 ⪰sd
𝜋 𝐵 implies that 𝑣(𝐴) ≥ 𝑣(𝐵). By picking 𝜋 to be

the items sorted in order of decreasing value, it is clear that additive valuations are order-consistent.

Order-consistent valuations include budget additive valuations (a valuation is budget additive with

budget 𝐵 if each item 𝑗 has value 𝑣 𝑗 and the value of 𝑆 ⊆M is 𝑣(𝑆) = min{𝐵,∑ 𝑗∈𝑆 𝑣 𝑗 }), single-

minded valuations (a valuation is single-minded if there is a subset 𝑆∗, such that 𝑣(𝑆) = 𝑣(𝑆∗) > 0

for all 𝑆 ⊇ 𝑆∗, and 𝑣(𝑆) = 0 otherwise), and unit-demand valuations (a valuation is unit-demand if

there is a value 𝑣 𝑗 for each item 𝑗 , and the value for a subset of items 𝑆 is equal to max 𝑗∈𝑆 𝑣 𝑗 ). The

class of order-consistent valuation functions, also studied in Bouveret et al. (2010), is incomparable

with commonly studied large valuation classes; for example, there exist order-consistent valuations

that are not subadditive.

1 A hypergraph 𝐻 = (M, 𝐸) is 𝑘-uniform if all of its edges are of size 𝑘 , i.e., for all 𝑒 ∈ 𝐸 , we have |𝑒 | = 𝑘 .
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We prove that, given 𝑛 agents with arbitrary order-consistent valuation functions over 𝑚 items,

where 𝑚 is divisible by 𝑛, the probability that an envy-free allocation exists after random renaming

is at least 1−𝑂
(
𝑛2

𝑚
+ 𝑛 log𝑚

𝑚
𝑛−1
𝑛

)
(Theorem 4). In fact, we prove the existence of a (much) stronger notion

of fairness, SD-envy-freeness (Bogomolnaia and Moulin 2001): an allocationA is SD-envy-free if,

for all agents 𝑖, 𝑗 ∈ N , 𝐴𝑖 ⪰sd
𝜋𝑖
𝐴 𝑗 . Note that, if an allocation is SD-envy-free, then it is envy-free for

all additive utility functions consistent with the agents’ preferences (Aziz et al. 2015). As a corollary

to Theorem 4, we get that for 𝑚 ∈ 𝜔(𝑛2), SD-envy-free allocations exist with high probability. Our

proof of Theorem 4 is constructive; we show that a simple Round-Robin process (agents take turns

picking the best, according to their order, available item) produces such an allocation.

Theorem 4 is tight both in terms of the divisibility assumption and the bound on 𝑚. Standard

birthday paradox arguments imply (even for unit-demand valuations) that envy-free allocations may

not exist with constant probability for 𝑚 ∈𝑂 (𝑛2). Moreover, 𝑚 being divisible by 𝑛 is a necessary

condition for SD-envy-freeness because items may have equal value and SD-EF requires equal

bundle sizes. When 𝑛 does not divide 𝑚, we prove that SD-EFX allocations exist with probability

at least 1−𝑂
(
𝑛2

𝑚
+ 𝑛 log𝑚/𝑚 𝑛−1

𝑛

)
.

Though the relation between 𝑚 and 𝑛 is asymptotically tight in Theorem 4, we show that it is

possible to get better probability bounds for the important case when 𝑛 is small, e.g., when 𝑛 is a

constant. For example, when 𝑛 = 2 Round-Robin will not find an SD-EF allocation with probability

Ω(1/
√
𝑚), while a careful analysis would say that such allocations do not exist with probability

Ω(1/𝑚). We propose the “Give-Away Round-Robin” algorithm, which first has every agent give

one of their least desired remaining items to every other agent, and then proceeds with standard

Round-Robin. In Theorem 5, we show that, when 𝑚 is divisible by 𝑛, Give-Away Round-Robin

outputs an SD-EF allocation with probability at least 1− 𝑂̃𝑛

(
1
𝑚

)
.

1.2. Related Work

Dickerson et al. (2014) initiated the study of asymptotic fair division and showed that the welfare

maximizing algorithm (allocate each good to the agent with the highest value for it) is envy-free

with high probability for 𝑚 ∈ Ω(𝑛 log𝑛) for the case of additive, non-negative valuations. This

holds when items’ values are drawn i.i.d. from a common prior and when agents’ valuations are

correlated, as long as, for every item 𝑗 : (1) the probability that agent 𝑖 has the highest value for

𝑗 is exactly 1/𝑛, and (2) the expected value of 𝑣𝑖, 𝑗 conditioned on 𝑖 having the highest value for

𝑗 , is greater by constant than the expected value of 𝑣𝑖, 𝑗 conditioned on some other agent having

the highest value for 𝑗 . Manurangsi and Suksompong (2020, 2021) establish tight bounds for the



Benadè, Halpern, Psomas, and Verma: Existence of Envy-Free Allocations Beyond Additive Valuations 7

existence of envy-free allocations in the i.i.d. model: 𝑚 ∈ Ω(𝑛 log𝑛/log log𝑛) is a necessary and

sufficient condition; similar to our Theorem 4, this bound is achieved by the classic Round-Robin

algorithm. Bai and Gölz (2022) extend these results to the case of independent but non-identical

additive agents. Kurokawa et al. (2016), Amanatidis et al. (2017), and Farhadi et al. (2019) show that

weaker notions of fairness, namely maximin share fairness, also exist with high probability. Farhadi

et al. (2019) also study a “stochastic items” model, where every item 𝑗 has a probability distribution

D 𝑗 (and 𝑣𝑖, 𝑗 is drawn fromD 𝑗 ); interestingly, this model is not neutral. Suksompong (2016) shows

that proportional allocations exist with high probability, while Manurangsi and Suksompong (2017)

study envy-freeness when items are allocated to groups rather than to individuals. For non-additive

stochastic valuations, Manurangsi and Suksompong (2021) and Gan et al. (2019) study the so-called

house allocation problem, where there are 𝑚 houses, 𝑛 agents, with 𝑣𝑖, 𝑗 ∼ 𝐷𝑖 for each agent 𝑖 and

house 𝑗 , and each agent must be allocated a single house; equivalently, one can think of unit-demand

valuations and independently picking a uniformly random ranking of the items for each agent. The

former paper shows that an envy-free assignment is likely to exist if 𝑚/𝑛 > 𝑒 + 𝜖 , for any constant

𝜖 > 0, but unlikely to exist if 𝑚/𝑛 < 𝑒 − 𝜖 .

The existence of fair allocations, and their compatibility with efficiency, has also been studied in

dynamic settings with additive valuations (Benadè et al. 2018). The algorithms of Dickerson et al.

(2014) and Bai and Gölz (2022) can be readily applied even when items arrive in an online fashion,

implying that Pareto efficiency ex-post and envy-freeness with high probability are compatible even

in an online setting. The same result was recently shown to be (approximately) true even when the

designer does not have access to the exact values of the agents (Benadè et al. 2022), or even when

agents’ valuations are correlated (Zeng and Psomas 2020, Benadè et al. 2024).

Bouveret et al. (2010) study preferences represented by SCI-nets, which take the form of a

partial order over bundles induced by a linear ordering over items. Order-consistent valuations

are exactly those where pairwise dominance of bundles implies envy-freeness. As opposed to our

interest here, Bouveret et al. (2010) are interested in computational aspects of the problem (e.g.,

the complexity of computing an envy-free allocation in the worst-case).

A related research direction is smoothed analysis. Traditionally, in smoothed analysis, an instance

is generated by starting from a worst-case instance and adding a small amount of noise. This model

has been widely successful in circumventing computational hardness (Spielman and Teng 2004,

Blum and Spencer 1995, Feige and Kilian 1998, Kolla et al. 2011). More recently, this model has

been used to bypass impossibility results in social choice (Xia 2020, 2021, Flanigan et al. 2023, Xia



8 Benadè, Halpern, Psomas, and Verma: Existence of Envy-Free Allocations Beyond Additive Valuations

2021), mechanism design (Psomas et al. 2019, Blum and Gölz 2021, Blum et al. 2017), and, closer

to this paper, fair division (Bai et al. 2022). Specifically, Bai et al. (2022) start from a worst-case

instance for additive agents and add an independent boost to the value of each item for each agent;

the authors give sufficient conditions (on the boosting) for envy-free allocations to exist with high

probability. One could interpret our model as a smoothed/semi-random model that starts from

a worst-case instance and adds noise in the form of random renaming. In contrast with existing

models, we permute the items and leave the valuation functions untouched.

2. Preliminaries
We consider the problem of dividing a set M of 𝑚 indivisible items among a set N of 𝑛 ≥ 2

agents. Throughout, we assume thatN = {1,2, . . . , 𝑛} and the items are indexed by 1,2, . . . , 𝑚. An

allocationA = (𝐴1, 𝐴2, . . . , 𝐴𝑛) is an 𝑛-partition ofM, where 𝐴𝑖 denotes the set of items allocated

to agent 𝑖 ∈ N . Formally, in any allocation A, all items are allocated,
⋃

𝑖∈N 𝐴𝑖 =M (without this

assumption, the allocating no items is trivially envy free) and each item is allocated to only one

agent, 𝐴𝑖 ∩ 𝐴 𝑗 = ∅ for all distinct agents 𝑖, 𝑗 ∈ N . We sometimes refer to a subset of items as a

bundle.

Each agent 𝑖 ∈ N has a valuation function 𝑣𝑖 : 2M ↦→R, which maps each subset of items 𝑆 ⊆M
to 𝑣𝑖 (𝑆), the agent’s value for 𝑆. We will assume that the valuations are normalized, i.e., 𝑣𝑖 (∅) = 0

for all 𝑖 ∈ N . We are interested in proving the existence of allocations that are fair with respect to

the agent valuations. Our primary notion of fairness is envy-freeness.

Definition 1 (Envy-freeness). An allocationA = (𝐴1, . . . , 𝐴𝑛) is envy-free (EF) iff each agent

prefers her own bundle over the bundle of any other agent, i.e., for all agents 𝑖, 𝑗 ∈ N , we have

𝑣𝑖 (𝐴𝑖) ≥ 𝑣𝑖 (𝐴 𝑗 ).
For the case of indivisible items, envy-freeness can be too stringent of a requirement. A common

relaxation is called envy-freeness up to any good, or EFX. EFX is considered the “best fairness

analog of envy-freeness” in discrete fair division (Caragiannis et al. 2019). EFX allocations may

not exist for monotone valuations, as recently shown by (Akrami et al. 2026), though their existence

for additive valuations remains an elusive open problem.

Definition 2 (Envy-freenesss up to any good (EFX)). An allocation A is envy-free up to

any good (EFX) iff for all agents 𝑖, 𝑗 ∈ N where 𝐴 𝑗 ≠ ∅, we have 𝑣(𝐴𝑖) ≥ 𝑣(𝐴 𝑗 \ {𝑔}) for all items

𝑔 ∈ 𝐴 𝑗 .

When we claim that a property holds with high probability, it means that, for all 𝑛 and 𝛿 > 0,

there exists a 𝑚0 =𝑚0(𝑛, 𝛿) such that, for all 𝑚 > 𝑚0, the probability is at least 1− 𝛿.
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In Section 4, we focus on a class of valuation functions that are consistent with an underlying

preference order over the items. Given an ordering of the items 𝜋 = 𝑔1 ≻ 𝑔2 ≻ · · · ≻ 𝑔𝑚, we can

define a partial order over bundles ⪰sd
𝜋 as follows. Let 𝐴, 𝐴 ⊆ M be any two bundles such that

𝐴 = {𝑔𝜎1 , 𝑔𝜎2 . . . , 𝑔𝜎|𝐴| } and 𝐴 = {𝑔𝜎̂1 , 𝑔𝜎̂2 . . . , 𝑔𝜎̂|𝐴|
} where sequences 𝜎 and 𝜎̂ are sorted in an

increasing order. We say that 𝐴 ⪰sd
𝜋 𝐴 iff |𝐴| ≥ |𝐴| and for all 𝑘 ∈ {1,2, . . . , |𝐴|}, we have 𝜎𝑘 ≤ 𝜎̂𝑘 .

Additionally, 𝐴 ≻sd
𝜋 𝐴 iff 𝐴 ⪰sd

𝜋 𝐴 and 𝐴 ≠ 𝐴.

Definition 3 (Order-consistency). A valuation function 𝑣 : 2M ↦→R is called order-consistent

with respect to an ordering 𝜋 iff for all bundles 𝐴, 𝐵 ⊆M, 𝐴 ⪰sd
𝜋 𝐵 implies that 𝑣(𝐴) ≥ 𝑣(𝐵). If 𝑣

is order consistent with respect to some order 𝜋, we will simply call 𝑣 order-consistent.

Definition 4 (SD-EF). Suppose that each agent 𝑖 ∈ N has a valuation function 𝑣𝑖 which is order-

consistent with respect to 𝜋𝑖. An allocation A is sd-envy-free (SD-EF) iff for all 𝑖, 𝑗 ∈ N we have

𝐴𝑖 ⪰sd
𝜋𝑖
𝐴 𝑗 .

SD-EF allocations are also EF. In fact, an allocationA which is SD-EF for agents with valuation

functions 𝑣1, 𝑣2, . . . , 𝑣𝑛 that are order-consistent with respect to 𝜋1, 𝜋2, . . . , 𝜋𝑛, respectively, is EF

for agents with any valuation functions 𝑣̂1, 𝑣̂2, . . . , 𝑣̂𝑛 that are order-consistent with respect to

𝜋1, 𝜋2, . . . , 𝜋𝑛 respectively. When an allocation A = (𝐴1, 𝐴2, . . . , 𝐴𝑛) is SD-EF, it follows that

|𝐴𝑖 | = |𝐴 𝑗 | for all 𝑖, 𝑗 ∈ N , i.e., the number of items is a multiple of the number of agents, 𝑚 = 𝑞𝑛

for some integer 𝑞 ∈N. When 𝑚 ≠ 𝑞𝑛, we consider the analogous strengthening of EFX.

Definition 5 (SD-EFX). Suppose each agent 𝑖 ∈ N has a valuation function 𝑣𝑖 that is order-

consistent with respect to 𝜋𝑖. An allocation A is sd-envy-free up to any item (SD-EFX) iff for all

agents 𝑖, 𝑗 ∈ N , where 𝐴 𝑗 ≠ ∅, we have 𝐴𝑖 ⪰sd
𝜋𝑖
𝐴 𝑗 \ {𝑔} for all items 𝑔 ∈ 𝐴 𝑗 .

As with SD-EF and EF, an allocation A which is SD-EFX is also EFX. While the existence of

EFX allocations remains unknown, we give an instance with additive valuations for which SD-EFX

allocations do not exist in Appendix C.

Finally, if 𝑣 is a valuation function and 𝜋 is a permutation over items, we use 𝑣𝜋 to represent the

permuted valuation function after renaming, where 𝑣𝜋 (𝑆) B 𝑣(𝜋−1(𝑆)), and 𝜋(𝑆) B {𝜋(𝑔) : 𝑔 ∈ 𝑆}.
Order-consistency is maintained under renaming.

3. Two Agents and Arbitrary Valuations
With two agents, an allocation is completely determined by selecting a single bundle, as the second

agent receives the remainder. This structural simplicity fundamentally distinguishes the two-agent

case from the many-agent setting. In this section, we isolate the specific conditions under which

valuations are so rigid that a random renaming of items cannot yield an envy-free split.
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To this end, we define a specific class of valuation functions. Intuitively, a valuation is cardinality-

consistent if an agent’s preference between a bundle and its complement depends entirely on the

size of the bundle.

Definition 6. A set function 𝑓 : 2M→R is cardinality-consistent if, for any bundle 𝑆 ⊆M, the

value sgn( 𝑓 (𝑆) − 𝑓 (M \ 𝑆)) is non-zero and depends only on |𝑆 |. Equivalently, for all 𝑆,𝑇 ⊆M
with |𝑆 | = |𝑇 |, it holds that:

sgn( 𝑓 (𝑆) − 𝑓 (M \ 𝑆)) = sgn( 𝑓 (𝑇) − 𝑓 (M \𝑇)) ∈ {−1,1}.

Since these preferences are invariant for equal-sized bundles, we can succinctly represent a

cardinality-consistent valuation using a one-dimensional signature.

Definition 7. Let 𝑓 : 2M → R be a cardinality-consistent function. We define its cardinality

signature as the function 𝑝 𝑓 : [𝑚] → {−1,1} given by 𝑝 𝑓 (𝑥) B sgn( 𝑓 (𝑆) − 𝑓 (M \ 𝑆)), where

𝑆 ⊆M is any set with |𝑆 | = 𝑥.

The signature 𝑝 𝑓 is well-defined because 𝑓 is cardinality-consistent; the output depends solely on

the size of the set. Consequently, this structure inherently restricts the total number of items.

Observation 1 If a function 𝑓 : 2M ↦→R is cardinality-consistent, then |M| must be odd.

Proof Towards a contradiction, assume that |M| is even. Consider any set 𝑆 ⊆ M such

that |𝑆 | = |M|/2 and let 𝑇 =M \ 𝑆. Since |𝑆 | = |𝑇 |, and 𝑓 is cardinality-consistent, sgn( 𝑓 (𝑆) −
𝑓 (𝑇)) = sgn( 𝑓 (𝑇) − 𝑓 (𝑆)) ∈ {−1,1}. However, this contradicts the fact that sgn( 𝑓 (𝑆) − 𝑓 (𝑇)) =
−sgn( 𝑓 (𝑇) − 𝑓 (𝑆)). □

Together, Definitions 6 and 7 generalize the simple counterexample of two agents with identical

uniform valuations over an odd number of items — clearly random renaming is ineffective in such

cases. Our main result in this section establishes envy-free allocations exist with high probability

for arbitrary evaluations unless both agents are cardinality-consistent and share the exact same

signature.

Theorem 1. For 𝑛 = 2 agents with arbitrary valuation functions 𝑣1 and 𝑣2, the following holds:

(a) If both 𝑣1 and 𝑣2 are cardinality-consistent and have the same cardinality signatures, i.e.,

𝑝𝑣1 = 𝑝𝑣2 , then the probability that an envy-free allocation exists is zero.

(b) If both 𝑣1 and 𝑣2 are cardinality-consistent and have different cardinality signatures, i.e.,

𝑝𝑣1 ≠ 𝑝𝑣2 , then an envy-free allocation exists with probability one.
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(c) If at least one of 𝑣1 and 𝑣2 is not cardinality-consistent, an envy-free allocation exists with

probability at least 1− 1
𝑚/2+1 .

For even 𝑚, Theorem 1 together with Observation 1 implies that envy-free allocation exists with

probability at least 1− 1
𝑚/2+1 .

Theorem 1 highlights an interesting phase transition. If 𝑣1 and 𝑣2 are cardinality-consistent and

𝑝𝑣1 = 𝑝𝑣2 , then the probability that an envy-free allocation exists is zero; otherwise, the probability

is at least 1− 1
𝑚/2+1 . This bound is tight up to constants, as the following instance shows: consider

𝑚 items and 𝑛 = 2 agents where each agent positively values item 1 and has a zero value for all

other items. In this instance, envy-free allocations exist with probability exactly 1− 1/𝑚 (since the

probability of the uniquely valued items coinciding after random renaming is 1/𝑚), matching the

bound in Theorem 1 up to a factor of two.

To prove Theorem 1, we will use hypergraphs to represent the preferences of agents.

3.1. Representing preferences as hypergraphs

The proof of Theorem 1 is based on two key insights. First, the preferences of agents comparing the

value of a bundle and its complement can be conveniently represented using hypergraphs. Second,

given this hypergraph formulation, the probability of the existence of an envy-free allocation can

be directly reduced to counting hypergraph automorphisms.

Before explaining the hypergraph representation, we make an observation.

Observation 2 If any agent has a valuation function 𝑣 : 2M→R≥0 such that, for some 𝑆 ⊆M, we

have 𝑣(𝑆) = 𝑣(M \ 𝑆), then an EF allocation exists with probability 1.

Proof Without loss of generality, let 𝑣 be the valuation function of agent 1. For any permutation

𝜋1, agent 1 is indifferent between the bundles 𝜋1(𝑆) and 𝜋1(M \ 𝑆), therefore, either the allocation

(𝜋1(𝑆), 𝜋1(M \ 𝑆)) or (𝜋1(M \ 𝑆), 𝜋1(𝑆)) is envy-free. □

Given Observation 2, we can focus on the case where the valuation function 𝑣𝑖 of each agent 𝑖

is such that, for every subset 𝑆 ⊆M, we have 𝑣𝑖 (𝑆) ≠ 𝑣𝑖 (M \ 𝑆). We use the following hypergraph

representation of arbitrary set function preferences. Given a valuation function 𝑣 such that 𝑣(𝑆) ≠
𝑣(M \ 𝑆) for all 𝑆 ⊆ M, let 𝐻𝑣 = (M, 𝐸𝑣) be the hypergraph where 𝐸𝑣 B {𝑆 ⊆ M : 𝑣(𝑆) >
𝑣(M \ 𝑆)}. 𝐻𝑣 is a hypergraph with 𝑚 vertices, one for each item, and 2𝑚/2 edges, one edge for

every pair {𝑆,M\ 𝑆}.
Given a hypergraph 𝐻 = (M, 𝐸) and a permutation 𝜋 :M→M, we will use 𝜋(𝐻) = (M, 𝐸𝜋)

to denote the hypergraph obtained by permuting the set of vertices by 𝜋, i.e., 𝐸𝜋 = {𝜋(𝑆) : 𝑆 ∈ 𝐸}.
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As an example, consider the valuations and corresponding hypergraphs shown in Figure 1. Each

preferred bundle of size 2 corresponds to an edge in the hypergraph, representing the corresponding

agent’s preferences. Since 𝐻1 ≠ 𝐻2 there exists an envy-free allocation, in this case ({1,3}, {2,4}).

𝑆 M\ 𝑆

1,2 3,4

1,3 2,4

1,4 2,3

𝐻1 :

4

1 2

3

𝐻2 :

4

1 2

3

𝜋(𝐻1) :

4

1 2

3

Figure 1 Example with 𝑚 = 4 items and 𝑛 = 2 agents where the hypergraphs corresponding to the valuations of

agent 1, 2 are 𝐻1, 𝐻2 respectively; to simplify the figure, we do not list, show all the edges of the hypergraphs. The

leftmost table shows all bundles of size 𝑚/2 = 2 and their complements; the preferred bundles of agent 1 (2) are

boxed (underlined, respectively). The rightmost figure shows the hypergraph 𝜋(𝐻1) obtained by renaming 𝐻1 using

permutation 𝜋 = (2,1,3,4).

The next lemma formalizes the relationship between envy-free allocations and the hypergraph

representation of valuations.

Lemma 1. Let 𝑣1, 𝑣2 : 2M → R≥0 be two valuation functions with corresponding hypergraphs

𝐻𝑣1 = (M, 𝐸𝑣1) and 𝐻𝑣2 = (M, 𝐸𝑣2), respectively. If the hypergraphs are not identical, i.e. 𝐻𝑣1 ≠

𝐻𝑣2 , then an envy-free allocation exists.

Proof. Since 𝐻𝑣1 ≠ 𝐻𝑣2 , there must exist an edge 𝑆 ⊂M, present in one of the hypergraphs that

is not present in both. If 𝑆 ∈ 𝐸𝑣1 and 𝑆 ∉ 𝐸𝑣2 , then the allocationA = (𝑆,M\ 𝑆) is envy-free, since

𝑣1(𝑆) > 𝑣1(M \ 𝑆) and 𝑣2(𝑆) < 𝑣2(M \ 𝑆). Similarly, if 𝑆 ∉ 𝐸𝑣1 and 𝑆 ∈ 𝐸𝑣2 , then the allocation

B = (M \ 𝑆, 𝑆) is envy-free. Thus, envy-free allocations exist when 𝐻𝑣1 ≠ 𝐻𝑣2 . □

3.2. Relating envy-freeness to hypergraph isomorphism

When agent 𝑖 with valuation function 𝑣𝑖 and corresponding hypergraph 𝐻𝑣𝑖 renames the items by

applying permutation 𝜋, then the hypergraph 𝐻𝑣𝜋
𝑖 corresponding to the new valuation function 𝑣𝜋 is

𝐻𝑣𝜋
𝑖 = 𝜋(𝐻𝑣𝑖 ). That is, permuting the names of the items amounts to permuting the vertices of the

hypergraph. This follows directly from the following sequence of equivalences: subset 𝑆 is present

as an edge in 𝐻𝑣𝜋
𝑖 iff 𝑣𝜋

𝑖
(𝑆) > 𝑣𝜋

𝑖
(M \ 𝑆) iff 𝑣𝑖 (𝜋−1(𝑆)) > 𝑣𝑖 (𝜋−1(M \ 𝑆)) (from the definition of

𝑣𝜋
𝑖
) iff 𝜋−1(𝑆) is present as an edge in 𝐻𝑣𝑖 iff 𝑆 is present as an edge in 𝜋(𝐻𝑣𝑖 ).
In our setting, agents 1 and 2, with valuation functions 𝑣1 and 𝑣2, apply permutations 𝜋1 and 𝜋2 to

rename the items. As per Lemma 1, an envy-free allocation will exist whenever 𝜋1(𝐻𝑣1) ≠ 𝜋2(𝐻𝑣2).
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Since applying permutations 𝜋1, 𝜋2 does not change the structure of the hypergraph, 𝜋1(𝐻𝑣1) =
𝜋2(𝐻𝑣2) is only possible when 𝐻𝑣1 and 𝐻𝑣2 are isomorphic (and therefore, envy-free allocations

trivially exist with probability 1 whenever 𝐻𝑣1 and 𝐻𝑣2 are non-isomorphic).

Accordingly, we assume that 𝐻𝑣1 and 𝐻𝑣2 are isomorphic. Without loss of generality, we also

assume that 𝜋1 is the identity permutation. To see why, observe that for uniformly random 𝜋1, 𝜋2,

the composition 𝜋−1
1 𝜋2 is also uniformly random. We view agent 2’s renaming of the items as

the permutation group (recall that the elements of the permutation group are all permutations 𝜋 :

M→M and the group operation which combines two group elements is the function composition)

acting on the set of all hypergraphs on 𝑚 vertices, denotedH𝑚 = {𝐻 = (𝑉, 𝐸) : |𝑉 | =𝑚} and recall

relevant group theoretic concepts. The orbit of a hypergraph 𝐻 is an equivalence class defined

as O(𝐻) = {𝐺 ∈ H𝑚 : ∃ permutation 𝜋,𝐺 = 𝜋(𝐻)}. The permutation group partitions H𝑚 into ℓ

orbits O1,O2, . . . ,Oℓ, where any two hypergraphs are isomorphic if and only if they are in the same

orbit. In Figure 1, 𝐻1 and 𝐻2 are not in the same orbit. Despite 𝐻1 and 𝜋(𝐻1) being isomorphic

and in the same orbit, these valuations still permit an envy-free allocation.

Let O be the orbit containing both 𝐻𝑣1 and 𝐻𝑣2 . Starting from 𝐻 ∈ O and applying a random

permutation 𝜋, the distribution of the permuted hypergraph 𝜋(𝐻) is also uniform over O. To upper

bound the probability of the non-existence of EF allocations, it is sufficient to lower bound all orbit

sizes. Specifically, Pr𝜋2 [𝐻𝑣1 = 𝜋2(𝐻𝑣2)] = 1/|O|. The orbit-stabilizer theorem (Dummit and Foote

2004) relates a graph’s orbit size to the number of its stabilizers.

Theorem 2 (Orbit-stabilizer theorem (Dummit and Foote 2004)). If a finite group Π acts on

a set 𝑋 , then for every 𝑥 ∈ 𝑋 , |Π | = |Orb(𝑥) | · | Stab(𝑥) |, where Stab(𝑥) = {𝜋 ∈ Π : 𝜋 · 𝑥 = 𝑥}.

In our context Π is the permutation group and 𝑋 =H𝑚. A permutation 𝜋 is an automorphism (and

also a stabilizer) of hypergraph 𝐻 iff 𝜋(𝐻) = 𝐻. Let aut(𝐻) B { permutations 𝜋 : 𝜋(𝐻) = 𝐻 } be

the set of all automorphisms. Now 𝑚! = |O(𝐻) | · | aut(𝐻) | by Theorem 2. We now upper bound the

number of automorphisms of a hypergraph 𝐻.

Theorem 3. For any non-empty and non-complete 𝑘-uniform hypergraph 𝐻 on 𝑚 vertices, the

number of automorphisms of 𝐻 satisfies | aut(𝐻) | ≤ 𝑚!
𝑚−𝑘+1 .

Proof. We prove this by induction on 𝑘 . Our induction hypothesis is as follows: for a given

𝑘 , the number of automorphisms of a non-empty and non-complete 𝑘-uniform hypergraph on 𝑚

vertices is at most 𝑚!
𝑚−𝑘+1 .
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Base Case: 𝑘 = 1. Fix an arbitrary 𝑚. A 1-uniform hypergraph 𝐻 = (M, 𝐸) is simply a selection

of some ℓ singleton sets of vertices: for all 𝑆 ∈ 𝐸 , we have |𝑆 | = 1. Since 𝐻 is non-empty and

non-complete, we have 0 < ℓ < 𝑚. Note that, any automorphism 𝜋 of 𝐻 must map any vertex that

forms (resp. does not form) an edge to another vertex that forms (resp. does not form) an edge.

Since there are ℓ vertices that form an edge and 𝑚 − ℓ vertices that do not form an edge, we have

| aut(𝐻) | ≤ ℓ!(𝑚 − ℓ)! = 𝑚!(𝑚
ℓ

) ≤ 𝑚!
𝑚

=
𝑚!

𝑚 − 𝑘 + 1
.

Induction Step: Now, assume that the induction hypothesis is true for 𝑘 . Fix an arbitrary 𝑚 and

let 𝐻 = (M, 𝐸) be a non-empty, non-complete (𝑘 + 1)-uniform hypergraph on 𝑚 vertices. For any

vertex 𝑖 ∈M, define 𝐻𝑖 to be the 𝑘-uniform hypergraph induced by the vertex 𝑖. That is, 𝐻𝑖 = (𝑉𝑖, 𝐸𝑖)
where 𝑉𝑖 =M \ {𝑖} and 𝐸𝑖 = {𝑒 \ {𝑖} : 𝑒 ∈ 𝐸, 𝑖 ∈ 𝑒}. We consider two cases, based on whether the

hypergraphs {𝐻𝑖}𝑖∈M are all isomorphic to each other or not.

First, suppose the hypergraphs {𝐻𝑖}𝑖∈M are not isomorphic to each other. Define 𝐼1 = { 𝑗 ∈M :

∃ there exists a permutation 𝜋 satisfying 𝜋(𝐻 𝑗 ) = 𝐻1} as the set of vertices whose corresponding

hypergraph is isomorphic to 𝐻1 and let ℓ = |𝐼1 |. 1 ∈ 𝐼1, therefore ℓ > 0. Since not all 𝐻𝑖’s are

isomorphic to each other we have 𝐼1 ⊊M, and thus ℓ < 𝑚. In any automorphism 𝜋, every vertex

in 𝐼1 must be mapped to a vertex in 𝐼1. Hence, by the same argument as in the base case, the total

number of automorphisms of 𝐻 is at most

| aut(𝐻) | ≤ ℓ!(𝑚 − ℓ)! ≤ 𝑚!
𝑚
≤ 𝑚!
𝑚 − 𝑘 + 1

.

Next, suppose the hypergraphs {𝐻𝑖}𝑖∈M are isomorphic to each other. Because 𝐻 is non-empty

and non-complete and 𝑘 ≥ 2, each𝐻𝑖 cannot be empty or complete. That is, the hypergraphs {𝐻𝑖}𝑖∈M
are non-empty, non-complete, 𝑘-uniform, and have 𝑚 − 1 vertices. Therefore, as per the induction

hypothesis, we have | aut(𝐻 𝑗 ) | ≤ (𝑚−1)!
(𝑚−1)−𝑘+1 for all 𝑗 ∈ M. Finally, to count the total number of

automorphisms of 𝐻, notice that there are exactly 𝑚 ways to map vertex 1 to another vertex 𝑗 ∈M.

However, once this mapping is fixed, the hypergraph induced by the remaining verticesM \ { 𝑗},
must get mapped to the hypergraph 𝐻1. Hence, the total number of automorphisms of 𝐻 is at most

| aut(𝐻) | ≤ 𝑚 · (𝑚 − 1)!
(𝑚 − 1) − 𝑘 + 1

=
𝑚!

𝑚 − (𝑘 + 1) + 1
,

giving us the desired inequality. This completes the induction step. □

Theorem 3 also generalizes to non-uniform graphs, given a certain condition holds. This is stated

as the following corollary.



Benadè, Halpern, Psomas, and Verma: Existence of Envy-Free Allocations Beyond Additive Valuations 15

Corollary 1. Let 𝐻 = (M, 𝐸) be a hypergraph. For each 𝑖 ∈ [𝑚 − 1], define sub-hypergraphs

𝐻𝑖 = (𝑉, 𝐸𝑖) such that 𝐸𝑖 = {𝑒 ∈ 𝐸 | |𝑒 | = 𝑖}. If any one amongst 𝐻1, 𝐻2, . . . , 𝐻𝑚−1 is both non-empty

and non-complete, then | aut(𝐻) | ≤ 𝑚!
𝑚/2+1 .

Proof. Note that for any 𝑆 ⊆ M and permutation 𝜋 :M ↦→M, we have |𝑆 | = |𝜋(𝑆) |, i.e., 𝜋

permutes sets of the same size among themselves. Hence, any automorphism 𝜎 of 𝐻 must also

be an automorphism of 𝐻1, 𝐻2, . . . , 𝐻𝑚−1; this leads to the inequality | aut(𝐻) | ≤ | aut(𝐻𝑖) | for

all 𝑖 ∈ [𝑚 − 1]. Let 𝐻 𝑗 be non-empty and non-complete. We have | aut(𝐻 𝑗 ) | = | aut(𝐻 𝑗 ) | where

𝐻 𝑗 = (M, 𝐸 𝑗 ), 𝐸 𝑗 = {M \ 𝑒 | 𝑒 ∈ 𝐸 𝑗 }, and 𝐻 𝑗 is non-empty and non-complete since 𝐻 𝑗 is non-

empty and non-complete. Theorem 3 implies that | aut(𝐻 𝑗 ) | ≤ 𝑚!
𝑚− 𝑗+1 and | aut(𝐻 𝑗 ) | ≤ 𝑚!

𝑗+1 . This

leads to the desired bound | aut(𝐻) | ≤ | aut(𝐻 𝑗 ) | = | aut(𝐻 𝑗 ) | ≤min{ 𝑚!
𝑚− 𝑗+1 ,

𝑚!
𝑗+1 } ≤

𝑚!
𝑚/2+1 . □

We combine the previous observations, with Theorem 3 (Corollary 1) to prove Theorem 1, the

main result of this section.

3.3. Proof of Theorem 1

We begin by proving (𝑎). Towards this, consider two cardinality-consistent valuations 𝑣1 and 𝑣2

such that 𝑝𝑣1 = 𝑝𝑣2 . By Observation 1, it suffices to consider the case where 𝑚 is odd. Thus, for every

allocation (𝑋,M\ 𝑋), the two bundles have different cardinalities. Since 𝑣1 and 𝑣2 are cardinality-

consistent, neither agent is indifferent between 𝑋 andM\ 𝑋 . Therefore, 𝑣𝑖 (𝑋) − 𝑣𝑖 (M \ 𝑋) ≠ 0, for

𝑖 ∈ {1,2}. Moreover, since 𝑝𝑣1 = 𝑝𝑣2 , we have, sgn(𝑣1(𝑋)−𝑣1(M\𝑋)) = sgn(𝑣2(𝑋)−𝑣2(M\𝑋)) ∈
{−1,1}, or equivalently,

(𝑣1(𝑋) − 𝑣1(M \ 𝑋)) (𝑣2(𝑋) − 𝑣2(M \ 𝑋)) > 0. (1)

Since 𝑣1 is cardinality-consistent and |𝑋 | = |𝜋−1
1 (𝑋) |, we get that (𝑣1(𝑋) − 𝑣1(M \

𝑋)) (𝑣1(𝜋−1
1 (𝑋)) − 𝑣1(𝜋−1

1 (M \ 𝑋))) > 0, or equivalently, (𝑣1(𝑋) − 𝑣1(M \ 𝑋)) (𝑣𝜋1
1 (𝑋) − 𝑣

𝜋1
1 (M \

𝑋)) > 0. Similarly, since 𝑣2 is also cardinality-consistent, we have (𝑣2(𝑋) − 𝑣2(M \ 𝑋)) (𝑣𝜋2
2 (𝑋) −

𝑣
𝜋2
2 (M \ 𝑋)) > 0. Combining these inequalities with Equation (1), we get (𝑣𝜋1

1 (𝑋) − 𝑣
𝜋1
1 (M \

𝑋)) (𝑣𝜋2
2 (𝑋) − 𝑣

𝜋2
2 (M \ 𝑋)) > 0, i.e., even after item renaming, both agents 1 and 2 strictly prefer

the same bundle in the allocation (𝑋,M\ 𝑋). That is, every allocation (𝑋,M\ 𝑋) is not envy-free,

or equivalently, the probability that an envy-free allocation exists is zero.

We proceed to prove (𝑏). In particular, we will show that if both 𝑣1 and 𝑣2 are cardinality-

consistent and 𝑝𝑣1 ≠ 𝑝𝑣2 , then envy-free allocations exist with probability one. Suppose that 𝑣1 and

𝑣2 are cardinality-consistent and 𝑝𝑣1 ≠ 𝑝𝑣2 . The latter inequality implies that there exists an 𝑎 ∈ [𝑚]
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such that 𝑣1(𝑆) > 𝑣1(M \ 𝑆) and 𝑣2(𝑇) < 𝑣2(M \𝑇) for any 𝑆,𝑇 ⊆M with |𝑆 | = 𝑎. Additionally,

since 𝑣1 and 𝑣2 are cardinality-consistent, for every allocation (𝑋,M \ 𝑋) with |𝑋 | = 𝑎 we have

𝑣1(𝑋) > 𝑣1(M \ 𝑋) and 𝑣2(𝑋) < 𝑣2(M \ 𝑋). That is, every allocation (𝑋,M\ 𝑋) is envy-free, or

envy-free allocations exist with probability one.

It remains to prove (𝑐). Without loss of generality, assume that 𝑣1 is not cardinality-consistent.

This implies the existence of 𝑆,𝑇 ⊆ M with |𝑆 | = |𝑇 | such that (𝑣1(𝑆) − 𝑣1(M \ 𝑆)) (𝑣1(𝑇) −
𝑣1(M \ 𝑇)) ≤ 0. If (𝑣1(𝑆) − 𝑣1(M \ 𝑆)) (𝑣1(𝑇) − 𝑣1(M \ 𝑇)) = 0, then Observation 2 implies

that an envy-free allocation exists with probability one. Henceforth, we consider the case of strict

inequality (𝑣1(𝑆) − 𝑣1(M \ 𝑆)) (𝑣1(𝑇) − 𝑣1(M \ 𝑇)) < 0. Consider hypergraphs 𝐻𝑣1 = (M, 𝐸𝑣1)
and 𝐻𝑣2 = (M, 𝐸𝑣2) corresponding to 𝑣1 and 𝑣2, respectively. If 𝐻𝑣1 and 𝐻𝑣2 are not isomorphic,

then the inequality 𝜋1(𝐻𝑣1) ≠ 𝜋2(𝐻𝑣2) always holds, which implies the existence of an envy-free

allocation, since there exists a subset 𝑈 ⊆M with 𝑈 ∈ 𝐸𝑣1 andM \𝑈 ∈ 𝐸𝑣2 , making (𝑈,M \𝑈)
envy-free.

Suppose now 𝐻𝑣1 and 𝐻𝑣2 are isomorphic, and consider the sub-hypergraph 𝐻
𝑣1
|𝑆 | = (M, 𝐸

𝑣1
|𝑆 |)

where 𝐸
𝑣1
|𝑆 | = {𝑋 ⊆ M | |𝑋 | = |𝑆 | and 𝑣1(𝑋) > 𝑣1(M \ 𝑋)}. Note that |𝐸𝑣1

|𝑆 | ∩ {𝑆,𝑇}| = 1 because

(𝑣1(𝑆) − 𝑣1(M \ 𝑆)) (𝑣1(𝑇) − 𝑣1(M \ 𝑇)) < 0 and |𝑆 | = |𝑇 |. It follows that 𝐻
𝑣1
|𝑆 | is non-empty

and non-complete, so Corollary 1 applies. By Lemma 1, envy-free allocations do not exist with

probability at most Pr𝜋 [𝐻𝑣1 = 𝜋(𝐻𝑣2)]. Since both hypergraphs belong to some orbit O, i.e., they

are isomorphic, we have Pr𝜋 [𝐻𝑣1 = 𝜋(𝐻𝑣2)] = 1
|O| =

| aut(𝐻𝑣1 ) |
𝑚! , where the last inequality follows from

the orbit-stabilizer theorem (Dummit and Foote 2004). Combining with | aut(𝐻𝑣1) | ≤ 𝑚!
𝑚/2+1 from

Corollary 1 yields Pr𝜋 [𝐻𝑣1 = 𝜋(𝐻𝑣2)] = | aut(𝐻𝑣1 ) |
𝑚! ≤ 1

𝑚/2+1 . Therefore, envy-free allocations exist

with probability at least 1− 1
𝑚/2+1 . □

4. Order-Consistent Valuations
In this section, we study order-consistent valuation functions for 𝑛 agents and establish that SD-EF

allocations exist with high probability. In fact, the well-known Round-Robin algorithm outputs such

allocations with high probability in polynomial time.

Round-Robin takes as input an ordering of the items for each agent, and agents take turns

taking the best available remaining item according to their personal order. For a valuation 𝑣𝑖 order-

consistent with respect to 𝜋𝑖 this means picking the remaining item with lowest index. As long as

Round-Robin has access to these orderings after renaming (that is, no other information about the

valuation functions is needed), and as long as 𝑚 is divisible by 𝑛, Round-Robin will result in an
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SD-EF allocation with (asymptotically optimal) high probability. Otherwise, if 𝑚 is not divisible

by 𝑛 and there is thus no hope for an EF allocation, Round-Robin will find an SD-EFX allocation

with, again, asymptotically optimal probability.

Theorem 4. Let 𝜋1, . . . , 𝜋𝑛 be sampled independently and uniformly at random. When 𝑚 =

𝑞𝑛, 𝑞 ∈ N, Pr [Round-Robin is SD-EF] ≥ 1 − 𝑂

(
𝑛2

𝑚
+ 𝑛 log𝑚

𝑚
𝑛−1
𝑛

)
and, if 𝑚 ≥ 2𝑛 (where 𝑚 may or

may not be a multiple of 𝑛) Pr [No EF allocation exists] ∈ Ω

(
min

(
𝑛2

𝑚
,1

))
. Further, for any

𝑚,Pr [Round Robin is SD-EFX] ≥ 1−𝑂
(
𝑛2

𝑚

)
.

Notice that if 𝑚 ∈ 𝜔(𝑛2), then, as 𝑛 grows, SD-EF/SD-EFX allocations exist with high probability,

while the lower bound implies that even EF allocations do not exist when 𝑚 ∈𝑂 (𝑛2). In this sense,

Round-Robin is asymptotically optimal.

For ease of exposition, we break the proof of Theorem 4 into separate lemmas. We first assume

that 𝑚 = 𝑞𝑛 for some integer 𝑞, and prove the existence of SD-EF allocations.

Lemma 2 (Round-Robin is SD-EF). When 𝑚 = 𝑞𝑛, Pr [Round Robin is SD-EF] ≥ 1 −
𝑂

(
𝑛2

𝑚
+ 𝑛 log𝑚

𝑚
𝑛−1
𝑛

)
.

Second, we show how to extend our arguments to the case of arbitrary 𝑚 and show the existence

of SD-EFX allocations.

Lemma 3 (Round-Robin is SD-EFX). For any 𝑚, Pr [Round Robin is SD-EFX] ≥ 1−𝑂
(
𝑛2

𝑚

)
.

Finally, we show the lower bound on the probability that EF or SD-EFX allocations exist.

Lemma 4. For any𝑚, if𝑚 ≥ 2𝑛, Pr [No EF allocation exists] ∈Ω
(
min

(
𝑛2

𝑚
,1

))
. The same bound

holds for the probability that no SD-EFX exists.

Combined, these three lemmas imply Theorem 4. We prove Lemma 2 in Section 4.1. Lemma 3

largely follows the same proof; we prove it in Section 4.2. Finally, Lemma 4 is proved in Section 4.3.

In Section 4.4, we observe that, even though Round-Robin is asymptotically optimal as 𝑛 grows,

for the important case of small (i.e., constant) 𝑛, it leaves a small gap in our understanding. We

introduce a new algorithm, Give-Away Round Robin, which closes this gap.

4.1. Round-Robin is SD-EF: The proof of Lemma 2

In this section, we prove Lemma 2

Lemma 2 (Round-Robin is SD-EF). When 𝑚 = 𝑞𝑛, Pr [Round Robin is SD-EF] ≥ 1 −
𝑂

(
𝑛2

𝑚
+ 𝑛 log𝑚

𝑚
𝑛−1
𝑛

)
.
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Our goal will be to show that the probability that Round-Robin does not output an SD-EF

allocation is at most 33𝑛2

𝑚
+ 16𝑛 log𝑚

𝑚1−1/𝑛 . We restrict our analysis to 𝑚 and 𝑛 such that 𝑚 ≥ 2𝑛 and
𝑛 log𝑚
𝑚𝑛−1/𝑛 ≤ 1/16, since otherwise, our target upper bound holds trivially. Fix 𝑚, 𝑛, and 𝑞 such that

𝑚 = 𝑞𝑛. In each round of the Round-Robin algorithm, lower-indexed agents pick before higher-

indexed ones, and therefore the former do not envy the latter. That is, agent 𝑖 can only envy agent

𝑗’s bundle if 𝑗 < 𝑖.

For agents 𝑖, 𝑗 ∈ N with 𝑗 < 𝑖, let E𝑖 𝑗 be the event that 𝐴𝑖 ⪰̸
sd
𝜋𝑖
𝐴 𝑗 , i.e., agent 𝑖 does not SD-prefer

their own bundle over that of agent 𝑗 . E𝑖 𝑗 only happens if there exists some 1 ≤ 𝑘 ≤ 𝑚/𝑛 such

that 𝑖 prefers 𝑗’s 𝑘-th best item (according to 𝑖) over 𝑖’s 𝑘-th best item. At a high level, we’d like to

compute this probability for each 𝑘 , and then take a union bound over 𝑘 to upper bound Pr
[
E𝑖 𝑗

]
.

The probability that the final allocation is not SD-EF is the probability that one of these events

occurs; formally, Pr
[⋃

𝑖∈N
⋃

𝑗 : 𝑗<𝑖 E𝑖 𝑗
]
. For 𝑘 = 1 this probability is already Θ(𝑛/𝑚), so, in order to

afford all the union bounds, we will require that the true probabilities of the bad events are much

smaller than 𝑛/𝑚, and that our analysis is relatively tight.

We use 𝑔 ≻𝑖 𝑔′ to denote that item 𝑔 is preferred to item 𝑔′ under 𝜋𝑖. For a set of items 𝑆 ⊆M,

we write 𝑔 ≻𝑖 𝑆 when 𝑔 is preferred to all items in 𝑆, i.e., 𝑔 ≻𝑖 𝑔′ for all 𝑔′ ∈ 𝑆. Additionally, we

use 𝑃𝑡 to denote the pool of available items at “time” 𝑡, i.e., after 𝑡 picks have been made (so,

𝑃0 =M and 𝑃𝑚 = ∅). Let 𝑔𝑡 be the 𝑡’th item picked during the execution of the Round Robin

algorithm, that is, 𝑃𝑡+1 = 𝑃𝑡 \ {𝑔𝑡+1}. Since agents pick items sequentially as per their index, 𝑔𝑡
is picked by agent 𝑗 exactly when 𝑡 ≡ 𝑗 mod 𝑛, 𝑔(ℓ−1)𝑛+ 𝑗 is the ℓ’th item picked by agent 𝑗 , and

𝐴 𝑗 =
{
𝑔0·𝑛+ 𝑗 , . . . , 𝑔(𝑞−1)𝑛+ 𝑗

}
.

Taking the perspective of agent 𝑖, let 𝑏𝑖
𝑗 𝑘

denote the 𝑘’th best item according to 𝜋𝑖 in the final

bundle 𝐴 𝑗 ; we will write 𝑏 𝑗 𝑘 if agent 𝑖 is clear from the context. For agent 𝑖’s picks, 𝑏𝑖𝑘 = 𝑔(𝑘−1)𝑛+𝑖,

i.e., their 𝑘’th pick is also their 𝑘’th favorite item in their bundle. However, this is not the case for

items in others’ bundles. Since the final bundles are all of size 𝑞, 𝐴𝑖 ⪰sd
𝜋𝑖
𝐴 𝑗 exactly when 𝑏𝑖𝑘 ≻𝑖 𝑏 𝑗 𝑘

for all 𝑘 ≤ 𝑞. Hence, we decompose the event E𝑖 𝑗 into events E𝑖 𝑗
𝑘

, where E𝑖 𝑗
𝑘

is the event that

𝑏 𝑗 𝑘 ≻𝑖 𝑏𝑖𝑘 . Now E𝑖 𝑗 =⋃𝑞

𝑘=1 E
𝑖 𝑗

𝑘
, and (by a union bound) our goal will be to upper bound∑︁

𝑖∈N

𝑞∑︁
𝑘=1

Pr

[ ⋃
𝑗 : 𝑗<𝑖
E𝑖 𝑗
𝑘

]
. (2)

Fix an agent 𝑖 and value 𝑘 . To get a handle on Pr
[⋃

𝑗∈N : 𝑗<𝑖 E
𝑖 𝑗

𝑘

]
, we condition on agent 𝑖’s

ordering of the items, 𝜋𝑖. Whenever agent 𝑖 picks 𝑔𝑡 , 𝑔𝑡 must be the best item remaining in 𝑃𝑡−1
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according to 𝜋𝑖. When agent 𝑗 ≠ 𝑖 picks 𝑔𝑡 (so 𝑡 . 𝑖 (mod 𝑛)), the distribution of 𝑔𝑡 over the

random draws of 𝜋−𝑖 = {𝜋1, . . . , 𝜋𝑛} \ {𝜋𝑖}, even conditioned on all previous picks 𝑔1, . . . , 𝑔𝑡−1,

is uniformly random over 𝑃𝑡−1. Let 𝑅ℓ be the set of items picked between agent 𝑖’s ℓ’th and

(ℓ + 1)’th pick. That is, 𝑅0 = {𝑔1, . . . , 𝑔𝑖−1}, for 1 ≤ ℓ ≤ 𝑞 − 1, 𝑅ℓ =
{
𝑔𝑛(ℓ−1)+𝑖+1, . . . , 𝑔ℓ𝑛+𝑖−1

}
, and

𝑅𝑞 =
{
𝑔𝑛(𝑞−1)+𝑖+1, . . . , 𝑔𝑚

}
. From the perspective of agent 𝑖, each item in 𝑅ℓ is picked sequentially

and uniformly at random from the remaining items. This allows us to analyze an equivalent two-step

process wherein (1) 𝑅ℓ is first selected uniformly at random from 𝑃𝑡 , after which, (2) each item

in 𝑅ℓ is matched to a uniformly random agent (different than 𝑖) that picked in the corresponding

timesteps.

We upper bound the expression in (2) by upper bounding each of the summands. Our analysis

splits into cases based on the value of 𝑘 , as care must be taken when comparing 𝑖’s worst item to

that of other agents.

For all items 𝑘 < 𝑞 = 𝑚/𝑛, i.e. all items except the last one picked by 𝑖, we can directly upper

bound the probability that 𝑖 prefers 𝑗’s 𝑘-th best item. The analysis leverages the insight that, from

𝑖’s perspective, and over the random draws of 𝜋−𝑖, items picked by other agents look like (uniformly)

random selections from the pool of remaining items; therefore, the distribution of other agents’

bundles is identical. For 𝑖 to prefer 𝑗’s 𝑘-th best item over their own, 𝑗 must have selected 𝑘 items

all better than 𝑖’s 𝑘-th pick, which can only occur if these items have all been picked in rounds 1

through 𝑘; this event is unlikely. Lemma 5 shows the precise bound is Θ(1/
(𝑚/𝑛

𝑘

)
), which requires

carefully accounting for the items remaining at each step of Round-Robin and applying Gautschi’s

inequality (Gautschi 1959).

Lemma 5. For 𝑘 < 𝑞, it holds that Pr
[⋃

𝑗 : 𝑗<𝑖 E
𝑖 𝑗

𝑘

]
≤ 8
(𝑞𝑘)

.

When 𝑘 = 𝑞 = 𝑚/𝑛, the above arguments fail to yield a sufficiently small probability. Instead,

define 𝐿 as the set of (roughly) 3𝑛 log𝑚 worst items of agent 𝑖. We show neutrality implies that,

with high probability, by the time 𝑖 picks their 𝑚/𝑛-th and worst item, all items in 𝐿 have been

picked by others. When this happens, 𝑖 must like their worst item more than the worst (from 𝑖’s

perspective) item of every agent who picked an item in 𝐿. Moreover, conditioned on all items in 𝐿

being picked by the time of 𝑖’s last pick, it is very likely that every other agent received at least one

of these items in 𝐿.

Lemma 6. For 𝑘 = 𝑞, it holds that Pr
[⋃

𝑗 : 𝑗<𝑖 E
𝑖 𝑗
𝑞

]
≤ 𝑛

𝑚
+ 2

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖
.
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We show how to conclude the proof of Lemma 2 given these two lemmas, then proceed to prove

them. Using Lemmas 5 and 6, we have

Pr

[⋃
𝑖, 𝑗

E𝑖 𝑗
]

≤
∑︁
𝑖∈N

(
𝑞−1∑︁
𝑘=1

Pr

[⋃
𝑗

E𝑖 𝑗
𝑘

]
+Pr

[⋃
𝑗

E𝑖 𝑗𝑞

])
≤

∑︁
𝑖∈N

(
𝑞−1∑︁
𝑘=1

8(𝑞
𝑘

) + 𝑛

𝑚
+ 2

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖)
= 8𝑛

𝑞−1∑︁
𝑘=1

1(𝑞
𝑘

) + 𝑛2

𝑚
+ 2

𝑛∑︁
𝑖=1

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖
.

We now bound each of these sums. For the first,

𝑞−1∑︁
𝑘=1

1(𝑞
𝑘

) ≤ 1(𝑞
1
) + 1( 𝑞

𝑞−1
) + 𝑞−2∑︁

𝑘=2

1(𝑞
𝑘

)
≤ 2
𝑞
+

𝑞−2∑︁
𝑘=2

1(𝑞
2
) = 2

𝑞
+ 2(𝑞 − 3)
𝑞(𝑞 − 1) ≤

4
𝑞
=

4𝑛
𝑚

. (3)

For the second, since 8𝑛 log𝑚
𝑚1−1/𝑛 ≤ 8/16 = 1/2,

𝑛∑︁
𝑖=1

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖
=

𝑛∑︁
𝑖=1

(
8𝑛 log𝑚
𝑚1−1/𝑛

) 𝑖
≤
∞∑︁
𝑖=1

(
8𝑛 log𝑚
𝑚1−1/𝑛

) 𝑖
=

8𝑛 log𝑚
𝑚1−1/𝑛

1− 8𝑛 log𝑚
𝑚1−1/𝑛

≤ 16𝑛 log𝑚
𝑚1−1/𝑛 .

We conclude that

Pr

[⋃
𝑖, 𝑗

E𝑖 𝑗
]
≤ 33𝑛2

𝑚
+ 16𝑛 log𝑚

𝑚1−1/𝑛

∈𝑂
(
𝑛2

𝑚
+ 𝑛 log𝑚

𝑚
𝑛−1
𝑛

)
,

as needed. □
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Proof of Lemma 5We directly upper bound each Pr
[
E𝑖 𝑗
𝑘

]
and union bound over the (at most)

𝑛 possible choices of 𝑗 . The equivalent random process of picking 𝑅ℓ and assigning each item

randomly discussed above implies Pr
[
E𝑖 𝑗
𝑘

]
= Pr

[
E𝑖 𝑗

′

𝑘

]
, for each 𝑗 , 𝑗 ′ < 𝑖. Indeed, the items assigned

to 𝑗 and 𝑗 ′ in this process appear in exactly the same 𝑅ℓ sets. Now the distributions of 𝐴 𝑗 and 𝐴 𝑗 ′

are identical even when conditioning on 𝐴𝑖. As a result, we only upper bound Pr
[
E𝑖 𝑗
𝑘

]
for 𝑗 = 𝑖−1;

the same bound holds for all agents that 𝑖 could possibly envy (i.e., for all agents 𝑗 ′ with 𝑗 ′ < 𝑖).

Consider the item 𝑔(𝑘−1)𝑛+𝑖, which is picked by 𝑖 in the 𝑘’th round. As noted above, 𝑔(𝑘−1)𝑛+𝑖 = 𝑏𝑖𝑘 ,

so E𝑖 𝑗
𝑘

occurs exactly when 𝑏 𝑗 𝑘 ≻𝑖 𝑏𝑖𝑘 = 𝑔(𝑘−1)𝑛+𝑖. This can only occur if there are 𝑘 timesteps,

𝑡1, . . . , 𝑡𝑘 , such that 𝑗 picks an item 𝑔𝑡𝑧 satisfying 𝑔𝑡𝑧 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖. For any 𝑡 > (𝑘−1)𝑛+ 𝑖, 𝑔(𝑘−1)𝑛+𝑖 ≻𝑖
𝑔𝑡 , since 𝑖 always picks the best available remaining item. Hence, all 𝑘 of these (unfortunate) picks

must have occurred before 𝑖’s 𝑘’th pick. Agent 𝑗 made exactly 𝑘 picks before 𝑖 made their 𝑘’th

pick, so for 𝑏 𝑗 𝑘 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖 to hold, a necessary and sufficient condition is that all these picks were

preferred to 𝑔(𝑘−1)𝑛+𝑖 (according to 𝜋𝑖), i.e., 𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖 for all ℓ = 1, . . . , 𝑘 .

Let 𝑃(𝑟)𝑡 be the 𝑟’th best item remaining in 𝑃𝑡 according to 𝜋𝑖. For all 𝑡 < 𝑡′, |𝑃𝑡 \ 𝑃𝑡′ | = 𝑡′ − 𝑡,
i.e., there are 𝑡′ − 𝑡 fewer items available after 𝑡′ − 𝑡 picks. This implies that for all 𝑡 < (𝑘 − 1)𝑛 + 𝑖,
𝑔(𝑘−1)𝑛+𝑖 ⪰𝑖 𝑃((𝑘−1)𝑛+𝑖−𝑡)

𝑡 ; this is tight only when all picks 𝑔𝑡 , . . . , 𝑔(𝑘−1)𝑛+𝑖−1 are preferred to 𝑔(𝑘−1)𝑛+𝑖

in 𝜋𝑖. Furthermore, 𝑔(𝑘−1)𝑛+𝑖 = 𝑃
(1)
(𝑘−1)𝑛+𝑖−1 as 𝑖 picks the best available item remaining at time

(𝑘 − 1)𝑛 + 𝑖 − 1. |𝑃𝑡 \ 𝑃((𝑘−1)𝑛+𝑖−1) | = (𝑘 − 1)𝑛 + 𝑖 − 𝑡 − 1, so at least one of 𝑃(1)𝑡 , . . . , 𝑃
((𝑘−1)𝑛+𝑖−𝑡)
𝑡

must be available at time (𝑘 − 1)𝑛 + 𝑖 − 1, and the best available item at time (𝑘 − 1)𝑛 + 𝑖 − 1

must be at least as good as the worst of these. This implies that if 𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖, then

𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑃((𝑘−ℓ)𝑛+(𝑖− 𝑗)+1)(ℓ−1)𝑛+ 𝑗−1 . Using the fact that 𝑗 = 𝑖−1, this simplifies to 𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃((𝑘−ℓ)𝑛+1)(ℓ−1)𝑛+ 𝑗−1or,

in words, agent 𝑗’s ℓ’th pick must be one of the top (𝑘 − ℓ)𝑛 + 1 available items according to 𝜋𝑖.

This necessary condition means that

Pr
[
E𝑖 𝑗
𝑘

]
≤ Pr

[
𝑘⋂

ℓ=1

{
𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃((𝑘−ℓ)𝑛+1)(ℓ−1)𝑛+ 𝑗−1

}]
.

The key observation is that each of the events 𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃
((𝑘−ℓ)𝑛+1)
(ℓ−1)𝑛+ 𝑗−1, over the sam-

ples of 𝜋−𝑖, are mutually independent. Hence, we get Pr
[⋂𝑘

ℓ=1

{
𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃((𝑘−ℓ)𝑛+1)(ℓ−1)𝑛+ 𝑗−1

}]
=∏𝑘

ℓ=1 Pr
[
𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃((𝑘−ℓ)𝑛+1)(ℓ−1)𝑛+ 𝑗−1

]
. Furthermore, 𝑔(ℓ−1)𝑛+ 𝑗 is a uniform random sample from

𝑃(ℓ−1)𝑛+ 𝑗−1, so

Pr
[
𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃((𝑘−ℓ)𝑛+1)(ℓ−1)𝑛+ 𝑗−1

]
=
(𝑘 − ℓ)𝑛 + 1
|𝑃(ℓ−1)𝑛+ 𝑗−1 |

.



22 Benadè, Halpern, Psomas, and Verma: Existence of Envy-Free Allocations Beyond Additive Valuations

Noticing that |𝑃𝑡 | =𝑚 − 𝑡, we get that,

Pr
[
E𝑖 𝑗
𝑘

]
=

𝑘∏
ℓ=1

(𝑘 − ℓ)𝑛 + 1
|𝑃(ℓ−1)𝑛+ 𝑗−1 |

=

𝑘∏
ℓ=1

(𝑘 − ℓ)𝑛 + 1
𝑚 − ((ℓ − 1)𝑛 + 𝑗 − 1)

=

𝑘∏
ℓ=1

(𝑘 − ℓ)𝑛 + 1
(𝑞 − ℓ)𝑛 + 𝑛− 𝑗 + 1

(4)

≤
𝑘∏

ℓ=1

(𝑘 − ℓ)𝑛 + 1
(𝑞 − ℓ)𝑛 + 1

=

𝑘∏
ℓ=1

𝑘 − ℓ + 1/𝑛
𝑞 − ℓ + 1/𝑛

=

∏𝑘−1
ℓ=0 (1/𝑛 + ℓ)∏𝑘−1

ℓ=0 (𝑞 − 𝑘 + 1/𝑛 + ℓ)

=
(1/𝑛)𝑘

(𝑞 − 𝑘 + 1/𝑛)𝑘
.

The inequality follows because (𝑛 − 𝑗) ≥ 0, and the second to last equality follows by a change of

variables. The notation (𝑥)𝑟 here represents the rising factorial (𝑥)𝑟 = 𝑥(𝑥 + 1) · · · (𝑥 + 𝑟 − 1). We

make use of the known equality (𝑥)𝑟 = Γ(𝑥+𝑟)
Γ(𝑥) to get that

Pr
[
E𝑖 𝑗
𝑘

]
=
Γ(𝑘 + 1/𝑛)
Γ(1/𝑛) ·

Γ(𝑞 − 𝑘 + 1/𝑛)
Γ(𝑞 + 1/𝑛)

≤ 2
𝑛
· Γ(𝑘 + 1/𝑛)Γ(𝑞 − 𝑘 + 1/𝑛)

Γ(𝑞 + 1/𝑛) ,

where we replaced Γ(1/𝑛) by using the fact that Γ(1 + 𝑥) = 𝑥Γ(𝑥) for all 𝑥 (which implies that

Γ(1/𝑛) = 𝑛Γ(1 + 1/𝑛)), and that the Γ function has a global minimum on the positive reals above

1/2 (Wrench 1968) (and thus, 𝑛Γ(1+ 1/𝑛) ≥ 𝑛
2 ).

Ideally, we could replace the 1/𝑛 terms inside the gamma function with 1s, which would allow

us to convert the Γ’s to the corresponding factorial terms, and would simplify to 1/
(𝑞
𝑘

)
. We show

that this is approximately correct by making use of Gautschi’s inequality (Gautschi 1959), which

states

𝑥1−𝑠 ≤ Γ(𝑥 + 1)
Γ(𝑥 + 𝑠) ≤ (𝑥 + 1)1−𝑠,

for all 𝑥 > 0 and 𝑠 ∈ (0,1). We state our bound as the following claim, the proof of which is deferred

to Appendix B.
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Claim 1. 2
𝑛
· Γ(𝑘+1/𝑛)Γ(𝑞−𝑘+1/𝑛)

Γ(𝑞+1/𝑛) ≤ 8
𝑛
· 1
(𝑞𝑘)

.

Therefore, for all 𝑗 < 𝑖 and 𝑘 < 𝑞, Pr
[
E𝑖 𝑗
𝑘

]
≤ 8

𝑛
· 1
(𝑞𝑘)

. Union bounding over the (at most) 𝑛 possible

values of 𝑗 , we have that

Pr

[ ⋃
𝑗 : 𝑗<𝑖
E𝑖 𝑗
𝑘

]
≤ 8(𝑞

𝑘

) . □
Proof of Lemma 6. Let 𝐿 ⊆ M be the set of the bottom ⌈3𝑛 log𝑚⌉ + (𝑛 − 1) items accord-

ing to 𝜋𝑖. Notice that ⌈3𝑛 log𝑚⌉ + (𝑛 − 1) ≤ 3𝑛 log𝑚 + 𝑛 ≤ 4𝑛 log𝑚 since log(𝑚) ≥ log(2𝑛) ≥
log(4) ≥ 1 (we always interpret log as the natural log). Recall that 𝑏𝑖𝑞 is the worst item in

agent 𝑖’s bundle. We consider the event that 𝑏𝑖𝑞 ∉ 𝐿. We show that the probability of 𝑏𝑖𝑞 ∈ 𝐿
is small and, conditioned on 𝑏𝑖𝑞 ∉ 𝐿, it is unlikely that 𝑖 envies anyone. Formally, notice that

Pr
[⋃

𝑗 : 𝑗<𝑖 E
𝑖 𝑗
𝑞

]
= Pr

[⋃
𝑗 : 𝑗<𝑖 E

𝑖 𝑗
𝑞

��� 𝑏𝑖𝑞 ∉ 𝐿

]
· Pr

[
𝑏𝑖𝑞 ∉ 𝐿

]
+ Pr

[⋃
𝑗 : 𝑗<𝑖 E

𝑖 𝑗
𝑞

��� 𝑏𝑖𝑞 ∈ 𝐿]
· Pr

[
𝑏𝑖𝑞 ∈ 𝐿

]
≤

Pr
[⋃

𝑗 : 𝑗<𝑖 E
𝑖 𝑗
𝑞

��� 𝑏𝑖𝑞 ∉ 𝐿

]
+ Pr

[
𝑏𝑖𝑞 ∈ 𝐿

]
≤ ∑

𝑗 : 𝑗<𝑖 Pr
[
E𝑖 𝑗𝑞

��� 𝑏𝑖𝑞 ∉ 𝐿

]
+ Pr

[
𝑏𝑖𝑞 ∈ 𝐿

]
. We upper bound

each of these terms individually.

Claim 2. For all 𝑗 < 𝑖, Pr
[
E𝑖 𝑗𝑞

��� 𝑏𝑖𝑞 ∉ 𝐿

]
≤ 1/𝑚.

Claim 3. Pr
[
𝑏𝑖𝑞 ∈ 𝐿

]
≤ 2

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖
.

Given these two bounds, we can conclude the proof of the lemma as follows:

Pr

[ ⋃
𝑗 : 𝑗<𝑖
E𝑖 𝑗𝑞

]
≤

∑︁
𝑗 : 𝑗<𝑖

Pr
[
E𝑖 𝑗𝑞

��� 𝑏𝑖𝑞 ∉ 𝐿

]
+Pr

[
𝑏𝑖𝑞 ∈ 𝐿

]
≤ 𝑛

𝑚
+ 2

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖
. (5)

It remains to prove the two claims.

Proof of Claim 2. Notice that 𝑏𝑖𝑞 ∉ 𝐿 implies 𝐴𝑖 ∩ 𝐿 = ∅, so all the items in 𝐿 must have been

chosen by other agents. If 𝐴 𝑗 ∩ 𝐿 ≠ ∅ it follows that 𝑏 𝑗𝑞 ∈ 𝐿 and, hence, 𝑏𝑖𝑞 ≻𝑖 𝑏 𝑗𝑞. Therefore,

Pr
[
E𝑖 𝑗𝑞

��� 𝑏𝑖𝑞 ∉ 𝐿

]
≤ Pr

[
𝐴 𝑗 ∩ 𝐿 = ∅

�� 𝑏𝑖𝑞 ∉ 𝐿
]

and it suffices to upper bound the latter.

To analyze the bundle of an agent 𝑗 ≠ 𝑖, we revert to the second view of the allocation process

in which the bundles 𝑅0, . . . , 𝑅𝑞 are first sampled and then matched to agents different from 𝑖.

We condition on any valid 𝑅0, . . . , 𝑅𝑞 such that 𝐿 ⊆⋃
ℓ 𝑅ℓ, and now consider sampling the actual

bundles 𝐴 𝑗 ′ for 𝑗 ′ ≠ 𝑖 from these. Except for 𝑅0 and 𝑅𝑞, each |𝑅ℓ | = 𝑛 − 1 and 𝐴 𝑗 contains exactly

one item from 𝑅ℓ chosen uniformly at random. Therefore, with probability |𝑅ℓ∩𝐿 |
𝑛−1 , 𝐴 𝑗 ∩ 𝑅ℓ ∩ 𝐿 ≠ ∅.
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In words, if there are 𝑟 items from 𝐿 in 𝑅ℓ, then 𝑗 receives one of them with probability 𝑟/(𝑛 −
1). Importantly, these are independent across rounds ℓ. It follows that Pr

[
𝐴 𝑗 ∩ 𝐿 = ∅

�� 𝑏𝑖𝑞 ∉ 𝐿
]
≤

Pr
[∑𝑞−1

ℓ=1 I[𝐴 𝑗 ∩ 𝐿 ∩ 𝑅ℓ = ∅] = 0
]
. By linearity of expectation and the choice of 𝐿,

E

[
𝑞−1∑︁
ℓ=1
I[𝐴 𝑗 ∩ 𝐿 ∩ 𝑅ℓ]

]
=

𝑞−1∑︁
ℓ=1

|𝑅ℓ ∩ 𝐿 |
𝑛− 1

≥
|𝐿 | − |𝑅0 | − |𝑅𝑞 |

𝑛− 1

≥ |𝐿 | − (𝑛− 1)
𝑛− 1

(6)

≥ 3𝑛 log𝑚
𝑛− 1

≥ 3 log𝑚.

The sum
∑𝑞−1

ℓ=1 I[𝐴 𝑗 ∩ 𝐿 ∩ 𝑅ℓ = ∅] is the sum of independent Bernoulli variables indicating

whether 𝑗 received an item from 𝐿 in round ℓ. We have Pr
[∑𝑞−1

ℓ=1 I[𝐴 𝑗 ∩ 𝐿 ∩ 𝑅ℓ = ∅] = 0
]
≤

Pr
[∑𝑞−1

ℓ=1 I[𝐴 𝑗 ∩ 𝐿 ∩ 𝑅ℓ = ∅] <
(
1−

√︃
2
3

)
E

[∑𝑞−1
ℓ=1 I[𝐴 𝑗 ∩ 𝐿 ∩ 𝑅ℓ]

] ]
. Applying a Chernoff bound,

we get an upper bound of exp

(
−1

2

(√︃
2
3

)2
E

[∑𝑞−1
ℓ=1 I[𝐴 𝑗 ∩ 𝐿 ∩ 𝑅ℓ]

] )
≤ exp

(
− 2

3 (3 log𝑚)
2

)
=

exp(− log𝑚) = 1
𝑚

. Putting this all together, we have that

Pr
[
E𝑖 𝑗𝑞

��� 𝑏𝑖𝑞 ∉ 𝐿

]
≤ Pr

[
𝐴 𝑗 ∩ 𝐿 = ∅

�� 𝑏𝑖𝑞 ∉ 𝐿
]

≤ 1/𝑚, (7)

which concludes the proof of Claim 2. □

The proof of Claim 3 is deferred to Appendix B. This concludes the proof of Lemma 6. □

4.2. Round-Robin is SD-EFX: The proof of Lemma 3

We extend the analysis of Section 4.1 to get SD-EFX allocations for arbitrary 𝑚.

Lemma 3 (Round-Robin is SD-EFX). For any 𝑚, Pr [Round Robin is SD-EFX] ≥ 1−𝑂
(
𝑛2

𝑚

)
.

Fix an arbitrary 𝑚 and let 𝑚 = 𝑞𝑛+ 𝑟 for 1 ≤ 𝑟 ≤ 𝑛 and 𝑟, 𝑞 ∈N. LetA𝑞 be the allocation after 𝑞𝑛

steps, andA be the complete allocation of all 𝑞𝑛+𝑟 items. Let 𝑃𝑡 denote the pool of available items at

“time” 𝑡, i.e., after 𝑡 picks have been made (so, 𝑃0 =M and 𝑃𝑚 = ∅). Notice that Pr [A is SD-EFX] ≥
Pr [A is SD-EFX and A𝑞 is SD-EF] = Pr [A is SD-EFX | A𝑞 is SD-EF] · Pr [A𝑞 is SD-EF]. We

show that Pr [A is SD-EFX | A𝑞 is SD-EF] = 1 and Pr [A𝑞 is SD-EF] ≥ 1−𝑂
(
𝑛2

𝑚

)
.
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We begin with the former. Fix arbitrary samples 𝜋1, . . . , 𝜋𝑛 such that A𝑞 is SD-EF. We want

to show that A is SD-EFX. Consider agents 𝑖, 𝑗 ∈ N . We show that either 𝐴
𝑞

𝑖
⪰sd
𝜋𝑖

𝐴 𝑗 or, for all

𝑔 ∈ 𝐴 𝑗 , 𝐴𝑞

𝑖
⪰sd
𝜋𝑖

𝐴 𝑗 \ {𝑔}. Since 𝐴
𝑞

𝑖
⊆ 𝐴𝑖, the same holds for 𝐴𝑖. It must be that either 𝐴 𝑗 = 𝐴

𝑞

𝑗
or

𝐴 𝑗 = 𝐴
𝑞

𝑗
∪ {𝑔} for some 𝑔 ∈ 𝑃𝑞𝑛. If 𝐴 𝑗 = 𝐴

𝑞

𝑗
it follows that 𝐴𝑞

𝑖
⪰ 𝐴

𝑞

𝑗
= 𝐴 𝑗 , since A𝑞 is SD-EF by

assumption. Suppose instead that 𝐴 𝑗 = 𝐴
𝑞

𝑗
∪ {𝑔∗} for some 𝑔∗ ∈ 𝑃𝑞𝑛. The key observation is that

𝑔∗ ∈ 𝑃𝑞𝑛, implying it was available (and not selected) at every time step that 𝑖 picked an item, so

𝑔′ ≻ 𝑔∗ for all 𝑔′ ∈ 𝐴𝑖. Note that, this does not immediately imply the EFX condition, since 𝑔∗

might not be the worst item (from 𝑖’s perspective) that 𝑗 owns. Let 𝑏𝑖𝑘 and 𝑏 𝑗 𝑘 denote the 𝑘’th

best item in 𝐴
𝑞

𝑖
and 𝐴

𝑞

𝑗
according to 𝜋𝑖, respectively. By assumption 𝑏𝑖𝑘 ≻𝑖 𝑏 𝑗 𝑘 for all 𝑘 . Let 𝑏′

𝑗 𝑘
be

the 𝑘’th best item in 𝐴 𝑗 \ {𝑔}. If 𝑔∗ = 𝑔 then 𝐴
𝑞

𝑖
⪰sd
𝜋𝑖
𝐴 𝑗 \ {𝑔∗} = 𝐴

𝑞

𝑗
. Otherwise, if 𝑔∗ ≠ 𝑔, suppose

𝑔∗ = 𝑏′
𝑗ℓ

for some ℓ. Notice that for all 𝑘 < ℓ, 𝑏′
𝑗 𝑘
= 𝑏 𝑗 𝑘 so 𝑏𝑖𝑘 ≻𝑖 𝑏′𝑗 𝑘 . For 𝑘 ≥ ℓ, we have that

𝑏𝑖𝑘 ≻𝑖 𝑔∗ = 𝑏′
𝑗ℓ
⪰𝑖 𝑏′𝑗 𝑘 . Hence, 𝐴𝑞

𝑗
⪰sd
𝜋𝑖
𝐴 𝑗 \ {𝑔∗}, as needed.

Next, we show Pr [A𝑞 is SD-EF] ≥ 1 −𝑂
(
𝑛2

𝑚

)
. Specifically, we will show that the probability

thatA𝑞 is not SD-EF is upper bounded by 2066𝑛2

𝑚
. We assume that 𝑚 ≥ 2000𝑛2 (otherwise the bound

is trivial), which implies that 𝑞𝑛 ≥ 𝑚/2. The analysis is very similar to showing Round Robin is

SD-EF when 𝑚 = 𝑞𝑛, so we simply describe which changes need to be made. Let 𝑏𝑖
𝑗 𝑘

denote the

𝑘’th best item according to 𝜋𝑖 in the bundle 𝐴
𝑞

𝑗
; for ease of notation we write 𝑏 𝑗 𝑘 when 𝑖 is clear

from the context. Let E𝑖 𝑗
𝑘

be the event that 𝑏 𝑗 𝑘 ≻𝑖 𝑏𝑖𝑘 , and let E𝑖 𝑗 =⋃𝑞

𝑘=1 E
𝑖 𝑗

𝑘
be 𝐴

𝑞

𝑖
⪰̸sd
𝜋𝑖
𝐴
𝑞

𝑗
. That is,

E𝑖 𝑗 , 𝑏𝑖
𝑗 𝑘

, and E𝑖 𝑗
𝑘

are defined analogously to the proof of Lemma 2, but with respect to A𝑞 instead

of A. Let 𝑅ℓ be the set of items picked between agent 𝑖’s ℓ’th and (ℓ + 1)’th pick, and 𝑅𝑞 = 𝑃𝑞𝑛 be

the set of items remaining items after the allocations in A𝑞.

On a high level, our goal is again to upper bound by getting bounds on Pr
[
E𝑖 𝑗
𝑘

]
and∑

𝑖∈N Pr
[⋃

𝑗 : 𝑗<𝑖 E
𝑖 𝑗
𝑞

]
, similarly to Lemmas 5 and 6. Using very similar bounds we have

Pr

[⋃
𝑖, 𝑗

E𝑖 𝑗
]
≤

∑︁
𝑖∈N

𝑞∑︁
𝑘=1

Pr

[ ⋃
𝑗 : 𝑗<𝑖
E𝑖 𝑗
𝑘

]
≤

∑︁
𝑖∈N

(
𝑞−1∑︁
𝑘=1

Pr

[⋃
𝑗

E𝑖 𝑗
𝑘

]
+Pr

[⋃
𝑗

E𝑖 𝑗𝑞

])
≤ 𝑛

𝑞−1∑︁
𝑘=1

Pr

[⋃
𝑗

E𝑖 𝑗
𝑘

]
+
∑︁
𝑖∈N

Pr

[⋃
𝑗

E𝑖 𝑗𝑞

]
≤ 8𝑛

𝑞−1∑︁
𝑘=1

1(𝑞
𝑘

) +∑︁
𝑖∈N

Pr

[⋃
𝑗

E𝑖 𝑗𝑞

]
.



26 Benadè, Halpern, Psomas, and Verma: Existence of Envy-Free Allocations Beyond Additive Valuations

Since 𝑞𝑛 ≥ 𝑚/2 we can, similarly to Inequality (3), bound the first term by 64𝑛2

𝑚
. For the second

term, one complication is that our bound on Pr
[⋃

𝑗 E
𝑖 𝑗
𝑞

]
needs to take care of the 𝑛 = 2 case,

separately. This is caused because the analog of Lemma 6 is not a bound of 𝑛
𝑚
+ 2

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖
,

but a bound of 𝑛
𝑚
+ 2

(
10𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖+𝑟
, which is too weak for 𝑛 = 2. We explain these differences,

and how to address them, in Appendix B.1.

4.3. Round-Robin is asymptotically optimal: The proof of Lemma 4

We now prove Lemma 4.

Lemma 4. For any𝑚, if𝑚 ≥ 2𝑛, Pr [No EF allocation exists] ∈Ω
(
min

(
𝑛2

𝑚
,1

))
. The same bound

holds for the probability that no SD-EFX exists.

Fix 𝑛 and 𝑚 with 𝑚 ≥ 2𝑛. We prove that EF and SD-EFX allocations do not exist with probability
at least min

(
𝑛2

8𝑚 ,
1
8

)
. For SD-EFX we first show that if two agents have the same favorite item, no

SD-EFX allocation exists. For EF, if two agents have unit demand valuations, then clearly having
the same favorite item also implies that no EF allocations exist. We then show using standard
birthday paradox bounds that the probability two agents have the same favorite item is at least
min

(
𝑛2

8𝑚 ,
1
8

)
.

For the former, suppose two agents have the same favorite item 𝑔 with 𝑚 ≥ 2𝑛. We show
that no SD-EFX allocation exists. Fix an allocation A. First note that if A is not balanced,
i.e., | |𝐴𝑖 | − |𝐴 𝑗 | | ≤ 1, then it cannot be SD-EFX. Indeed, if |𝐴𝑖 | − |𝐴 𝑗 | > 1, then for any 𝑔 ∈ 𝐴𝑖,
|𝐴𝑖 \ {𝑔} | > |𝐴 𝑗 | so it cannot be the case that |𝐴 𝑗 | ⪰sd

𝜋 𝑗
𝐴𝑖 \ {𝑔}. Next, supposeA is balanced. Since

the two agents have the same favorite item, there is some agent 𝑖 whose favorite good is 𝑔 and who
did not receive 𝑔. Further, there is an agent 𝑗 such that 𝑔 ∈ 𝐴 𝑗 , and since A is balanced, |𝐴 𝑗 | ≥ 2.
Therefore, there is some 𝑔′ ≠ 𝑔 such that 𝑔′ ∈ 𝐴 𝑗 . However, since 𝑔 ∈ 𝐴 𝑗 \ {𝑔′}, 𝐴𝑖 ⪰̸

sd
𝜋𝑖
𝐴 𝑗 \ {𝑔′}, so

A is not SD-EFX.
Next, we show that the probability two agents have the same favorite item is at least min

(
𝑛2

8𝑚 ,
1
8

)
.

Notice that each agent’s favorite item is a uniformly selected item, independent of other agents.
The probability that two agents have the same first item is known from the collision analysis of
hash functions. Indeed, it is known that, as long as 𝑛 ≤

√
2𝑚, the probability that two agents have

the same first item is at least 𝑛(𝑛−1)
4𝑚 (Katz and Lindell 2020). In other words, as long as 𝑚 ≥ 𝑛2/2,

two agents have the same first item with probability at least 𝑛(𝑛−1)
4𝑚 ≥ 𝑛2

8𝑚 . For 𝑚 < 𝑛2/2, notice that
the probability of a collision is decreasing in 𝑚. Hence, the probability of a collision is at least the
probability with 𝑛 agents and 𝑚′ = ⌈𝑛2/2⌉ ≤ 𝑛2 items. The previous result says that this probability
is then at least 𝑛2

8𝑚′ ≥
1
8 .
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4.4. Give-Away Round Robin

As we’ve shown, Round-Robin is asymptotically optimal as 𝑛 grows. However, while it is often

reasonable to assume that the number of items is large, it may be less reasonable to assume the

same for the number of agents. When 𝑛 is a constant, no SD-EF allocations exist with probability

Ω𝑛 (1/𝑚). Although SD-EF allocations exist with probability 1−𝑂𝑛 (1/𝑚), when 𝑚 is divisible by

𝑛, Theorem 4 only gives an upper bound of 1 −𝑂𝑛 ( log𝑚
𝑚1−1/𝑛 ) on the probability of finding such an

allocation. A careful analysis shows the analysis of Round Robin is relatively tight: with probability

Ω𝑛 ( 1
𝑚1−1/𝑛 ), the last agent will be left with their worst item, which implies the resulting allocation

cannot be SD-EF. For example, with 𝑛 = 2, Round-Robin will not find an SD-EF allocation with

probability Ω(1/
√
𝑚), while the lower bound only implies such allocations do not exist with

probability Ω(1/𝑚). This motivates an alternative algorithm that closes this gap.

The probability of Round-Robin failing is greatest at the beginning and end of the process: at the

beginning of the process, SD-EF fails if any other agent picks 𝑖’s most preferred item; towards the

end, there is a risk that all the remaining items are bad. Give-Away Round-Robin neutralizes the

late-round risk: to avoid receiving a truly bad item, agents first give away one of their least desired

items to each of the other agents, and then proceed with regular Round-Robin on the remaining

items. We formalize this in Algorithm 1, and prove it achieves optimal (up to log factors) probability

of finding an SD-EF allocation.

Theorem 5. Let 𝜋1, . . . , 𝜋𝑛 be sampled independently and uniformly at random. When 𝑚 = 𝑞𝑛,

𝑞 ∈N,Pr [Give-Away Round Robin is SD-EF] ≥ 1− 𝑂̃𝑛

(
1
𝑚

)
.

For Round-Robin we could be certain that, other than the last item, items picked by agent 𝑖 are

“good” in the sense that they were the best in some pool of items. For Give-Away Round-Robin,

each agent essentially starts with a small, random set of items. This complicates the analysis. For

example, it is much harder to argue that SD-EF does not fail because of, say, the first ten items. In

our analysis, we consider various cases (failure because of ‘high,’ ‘middle,’ ‘low,’ and last items),

which need separate, delicate treatment.

Proof The proof follows a very similar structure to the proof of Theorem 4, though

with more intricate analysis in various places. Fix 𝑚 = 𝑞𝑛 for an integer 𝑞. We will

show the probability that Give-Away Round Robin is not SD-EF is upper bounded by
67584𝑛3 log2 𝑚+25216𝑛4 log𝑚+2354𝑛5+128𝑛2 log𝑚+24𝑛3+3𝑛2+𝑛

𝑚
. Throughout, we will assume that 𝑚 is lower

bounded by the numerator, as otherwise, the bound is trivial.
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Algorithm 1 Give-Away Round Robin
1: Input: Valuations 𝑣1, . . . , 𝑣𝑛 which are order consistent with respect to 𝜋1, . . . , 𝜋𝑛

2: Output: An allocation A = (𝐴1, 𝐴2, . . . , 𝐴𝑛)
3:

4: Set 𝐴𝑖←∅ for all agents 𝑖 ∈ {1,2, . . . , 𝑛}
5: Set 𝑃←M
6: Phase 1: Give-away (𝑛(𝑛− 1) items)

7: for 𝑖← 1 to 𝑛 do

8: for 𝑗← 1 to 𝑛, where 𝑗 ≠ 𝑖 do

9: Let 𝑔 ∈ 𝑃 be the unallocated item with the highest index in 𝜋𝑖

10: Set 𝐴 𝑗← 𝐴 𝑗 ∪ {𝑔}
11: Set 𝑃← 𝑃 \ {𝑔}
12: end for

13: end for

14: Phase 2: Round-Robin

15: while 𝑃 ≠ ∅ do

16: for 𝑖← 1 to 𝑛 do

17: if 𝑃 ≠ ∅ then

18: Let 𝑔 ∈ 𝑃 be the unallocated item with the lowest index in 𝜋𝑖

19: Set 𝐴𝑖← 𝐴𝑖 ∪ {𝑔}
20: Set 𝑃← 𝑃 \ {𝑔}
21: end if

22: end for

23: end while

24: return A = (𝐴1, 𝐴2, . . . , 𝐴𝑛)

For 𝑖 ≠ 𝑗 , we again let E𝑖 𝑗 be the event that 𝐴𝑖 ⪰̸
sd
𝜋𝑖

𝐴 𝑗 . Unlike in Round Robin, the give-away

phase makes it possible that lower-indexed agents envy higher-indexed agents, so E𝑖 𝑗 is defined for

all agents 𝑖 ≠ 𝑗 . We again wish to upper bound Pr
[⋃

𝑖∈N
⋃

𝑗 : 𝑗≠𝑖 E𝑖 𝑗
]
. We reuse the notation 𝑔 ≻𝑖 𝑔′

to denote preferences under 𝜋𝑖, and 𝑏𝑖
𝑗 𝑘

for 𝑖’s 𝑘’th favorite item in 𝐴 𝑗 . We decompose E𝑖 𝑗 into⋃𝑞

𝑘=1 E
𝑖 𝑗

𝑘
as before, where E𝑖 𝑗

𝑘
is the event that 𝑏 𝑗 𝑘 ≻𝑖 𝑏𝑖𝑘 . Using a union bound, we wish to upper
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bound ∑︁
𝑖∈N

Pr

⋃
𝑘≤𝑞

⋃
𝑗 : 𝑗≠𝑖
E𝑖 𝑗
𝑘

 .
We let 𝛾𝑖 𝑗 for 𝑖 ≠ 𝑗 be the item given from 𝑖 to 𝑗 in the give-away phase. We use 𝑃̃𝑡 for

0 ≤ 𝑡 ≤ 𝑛(𝑛− 1) to denote the pool of available items after 𝑡 giveaway steps. We then let 𝑃𝑡 be the

pool after 𝑡 Round Robin steps (so 𝑃̃0 =M, 𝑃̃𝑛(𝑛−1) = 𝑃0, and 𝑃𝑚−𝑛(𝑛−1) = ∅). We let 𝑔𝑡 be the item

taken at the 𝑡’th step of Round Robin. Therefore, 𝐴 𝑗 =
{
𝛾𝑖 𝑗

�� 𝑖 ≠ 𝑗
}
∪ {𝑔𝑡 | 𝑡 ≡ 𝑗 mod 𝑛}.

We fix an agent 𝑖 and condition on 𝜋𝑖. The random process of selecting items is now similar to in

Round Robin. For times 𝑡 when 𝛾𝑖 𝑗 is given, 𝛾𝑖 𝑗 is the worst remaining item from 𝑃̃𝑡−1, and for 𝛾𝑖′ 𝑗
with 𝑖′ ≠ 𝑖 it is a uniformly selected item from 𝑃̃𝑡−1 (from agent 𝑖’s perspective). During the Round

Robin phase, for 𝑔𝑡 with 𝑡 ≡ 𝑖 mod 𝑛, 𝑔𝑡 is the best available item from 𝑃𝑡−1, and when 𝑡 . 𝑖 mod 𝑛,

𝑔𝑡 is a uniformly selected item from 𝑃𝑡−1. For the Round Robin phase, we again consider the sets 𝑅ℓ

of items picked in the Round Robin phase between 𝑖’s ℓ’th and (ℓ+1)’th pick, so 𝑅0 = {𝑔1, . . . , 𝑔𝑖−1},
for 1 ≤ ℓ ≤ 𝑞 − 𝑛, 𝑅ℓ =

{
𝑔𝑛(ℓ−1)+𝑖+1, . . . , 𝑔ℓ𝑛+𝑖−1

}
, and 𝑅𝑞 =

{
𝑔𝑛(𝑞−1)+𝑖+1, . . . , 𝑔𝑚

}
. As with Round

Robin, each item in 𝑅ℓ is picked sequentially and uniformly at random from the remaining items.

This allows us to analyze an equivalent two-step process wherein 𝑅ℓ is first selected uniformly at

random from 𝑃𝑡 , after which each item in 𝑅ℓ is matched to a (non-𝑖) agent that is picked in the

corresponding timesteps uniformly at random.

We now break down
⋃

𝑘≤𝑞 via a union bound into different groupings of 𝑘 .

∑︁
𝑖∈N

Pr

⋃
𝑘≤𝑞

⋃
𝑗 : 𝑗≠𝑖
E𝑖 𝑗
𝑘


=

∑︁
𝑖∈N

(
Pr


⋃

𝑘:𝑘<32 log𝑚+4𝑛

⋃
𝑗 : 𝑗≠𝑖
E𝑖 𝑗
𝑘


+Pr


⋃

𝑘:32 log𝑚+4𝑛≤𝑘≤𝑞−32 log𝑚−5𝑛

⋃
𝑗 : 𝑗≠𝑖
E𝑖 𝑗
𝑘


+Pr


⋃

𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1

⋃
𝑗 : 𝑗≠𝑖
E𝑖 𝑗
𝑘


+Pr


⋃
𝑘:𝑘=𝑞

⋃
𝑗 : 𝑗≠𝑖
E𝑖 𝑗
𝑘


)
.

Fix an agent 𝑖. The following lemmas handle each of the summands individually.
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Lemma 7. Pr
[⋃

𝑘:𝑘<32 log𝑚+4𝑛
⋃

𝑗 : 𝑗≠𝑖 E
𝑖 𝑗

𝑘

]
≤ 2048𝑛2 log2 𝑚+640𝑛3 log𝑚+50𝑛4

𝑚
.

Lemma 8. Pr
[⋃

𝑘:32 log𝑚+4𝑛≤𝑘≤𝑞−32 log𝑚−5𝑛
⋃

𝑗 : 𝑗≠𝑖 E
𝑖 𝑗

𝑘

]
≤ 1

𝑚
.

Lemma 9. Pr
[⋃

𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1
⋃

𝑗 : 𝑗≠𝑖 E
𝑖 𝑗

𝑘

]
≤ 65536𝑛2 log2 𝑚+24576𝑛3 log𝑚+2304𝑛4+128𝑛 log𝑚+24𝑛2+𝑛

𝑚
.

Lemma 10. Pr
[⋃

𝑘:𝑘=𝑞
⋃

𝑗 : 𝑗≠𝑖 E
𝑖 𝑗

𝑘

]
≤ 2𝑛

𝑚
.

Combining we have
∑

𝑖∈N Pr
[⋃

𝑘≤𝑞
⋃

𝑗 : 𝑗≠𝑖 E
𝑖 𝑗

𝑘

]
≤ 𝑛

(
67584𝑛2 log2 𝑚+25216𝑛3 log𝑚+2354𝑛4+128𝑛 log𝑚+24𝑛2+3𝑛+1

𝑚

)
,

which is at most 67584𝑛3 log2 𝑚+25216𝑛4 log𝑚+2354𝑛5+128𝑛2 log𝑚+24𝑛3+3𝑛2+𝑛
𝑚

∈ 𝑂̃𝑛

(
1
𝑚

)
. □

We prove Lemmas 7 to 10 in Appendix B.2.

5. Conclusion
In this paper, we study the existence of envy-free allocations beyond the case of additive valuations.

We introduce a simple model to study this question: starting from a worst-case valuation function,

randomly rename the items. We show that, in this model, if valuations are order-consistent (a

valuation class general enough to include additive, unit-demand, budget additive, single-minded,

etc.), even SD-envy-free allocations exist with high probability. In fact, a simple Round-Robin

process will output such an allocation with high probability. Our bound on the probability is

asymptotically tight, but we can improve upon it for the important case of a constant number

of agents, using a variation of Round-Robin, that might be of independent interest. For arbitrary

valuations, we characterize when envy-free allocations exist for the case of 𝑛 = 2 agents. Our proof

reduces the question about the existence of envy-free allocations to a question about the number of

automorphisms in a uniform hypergraph.

An important problem we leave open is whether envy-free allocations exist for general valuation

functions for 𝑛 > 2 agents. Our approach of viewing valuations as hypergraphs immediately fails

since now an allocation is not just a set and its complement. Interestingly, the existence of envy-free

allocations in our model does not seem to become any easier, even if one is willing to make fairly

common structural assumptions on the valuation functions. For example, one might attempt to

prove a version of Theorem 1 for, e.g., monotone submodular functions (where strong concentration

results are readily available, for example, in Vondrák (2010)), hoping to get a proof for 𝑛 = 2 that

can extend to more agents. However, we show in Appendix A that, at least when 𝑛 divides 𝑚, any

valuations 𝑣1, . . . , 𝑣𝑛 can be transformed into monotone submodular valuations 𝑣′1, . . . , 𝑣
′
𝑛 whose

envy-free allocations are precisely the balanced envy-free allocations of 𝑣1, . . . , 𝑣𝑛. Thus, proving
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the existence of envy-free allocations for monotone submodular valuations is at least as hard as

proving the existence for arbitrary valuations in this case.

Finally, it is worth noting that although neutral distributions generalize many existing models,

it is highly unlikely that realistic human preferences satisfy this property. Thus, it would be quite

interesting to explore alternate stochastic models for beyond additive valuations, which can capture

correlation between the agents’ valuations.
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Appendix A: Reducing Arbitrary Valuations to Submodular Valuations

We show that when 𝑛 divides 𝑚, the existence of balanced envy-free allocations for arbitrary valuation functions

reduces to the existence of envy-free allocations for monotone, submodular valuation functions.

Proposition 1. Let 𝑚 = 𝑞𝑛 for some 𝑞 ∈N. For any valuation functions 𝑣1, . . . , 𝑣𝑛 : 2M→R, there exist monotone,

submodular valuation functions 𝑣′1, . . . , 𝑣
′
𝑛 such that, for any permutations 𝜋1, . . . , 𝜋𝑛, an allocation A is envy-free

under ((𝑣′1)
𝜋1 , . . . , (𝑣′𝑛) 𝜋𝑛 ) if and only if A is a balanced envy-free allocation under (𝑣𝜋1

1 , . . . , 𝑣
𝜋𝑛
𝑛 ).

Proof. For each 𝑖 ∈ N , let 𝑣̃𝑖 :
(M
𝑞

)
→ [0,1/2] be an order-preserving rescaling of 𝑣𝑖 on bundles of size 𝑞, and

construct 𝑣′
𝑖

as follows:

𝑣′𝑖 (𝑆) =


|𝑆 | if |𝑆 | < 𝑞,

𝑞 − 1/2+ 𝑣̃𝑖 (𝑆) if |𝑆 | = 𝑞,

𝑞 if |𝑆 | > 𝑞.

It is straightforward to verify that 𝑣′
𝑖

is monotone and submodular: the marginal gain of adding an item to 𝑆 is 1

for |𝑆 | ≤ 𝑞 − 2, in [1/2,1] for |𝑆 | = 𝑞 − 1, in [0,1/2] for |𝑆 | = 𝑞, and 0 for |𝑆 | ≥ 𝑞 + 1. Under any permutations

𝜋1, . . . , 𝜋𝑛, if an allocation A = (𝐴1, . . . , 𝐴𝑛) is unbalanced, there exists agents 𝑖, 𝑗 so that |𝐴𝑖 | < 𝑞 and |𝐴 𝑗 | > 𝑞, so

(𝑣′
𝑖
) 𝜋𝑖 (𝐴𝑖) ≤ 𝑞 − 1 < 𝑞 = (𝑣′

𝑖
) 𝜋𝑖 (𝐴 𝑗 ) and A is not envy-free. On balanced allocations (|𝐴1 | = · · · = |𝐴𝑛 | = 𝑞), (𝑣′

𝑖
) 𝜋𝑖

and 𝑣
𝜋𝑖
𝑖

orders bundles identically, so A is envy-free under ((𝑣′1)
𝜋1 , . . . , (𝑣′𝑛) 𝜋𝑛 ) if and only if it is envy-free under

(𝑣𝜋1
1 , . . . , 𝑣

𝜋𝑛
𝑛 ). □
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Appendix B: Omitted proofs

Proof of Claim 1 We have 2
𝑛
· Γ (𝑘+1/𝑛)Γ (𝑞−𝑘+1/𝑛)

Γ (𝑞+1/𝑛) = 2
𝑛
· Γ (𝑘+1)Γ (𝑞−𝑘+1)

Γ (𝑞+1) · Γ (𝑘+1/𝑛)
Γ (𝑘+1) ·

Γ (𝑞−𝑘+1/𝑛)
Γ (𝑞−𝑘+1) ·

Γ (𝑞+1)
Γ (𝑞+1/𝑛) . Then, using

Gautschi’s inequality we can get that
2
𝑛
· Γ(𝑘 + 1/𝑛)Γ(𝑞 − 𝑘 + 1/𝑛)

Γ(𝑞 + 1/𝑛)

≤ 2
𝑛
· 𝑘!(𝑞 − 𝑘)!

𝑞!
1

𝑘1−1/𝑛
1

(𝑞 − 𝑘)1−1/𝑛 (𝑞 + 1)1−1/𝑛

=
2
𝑛

1(𝑞
𝑘

) (
𝑞 + 1

𝑘 (𝑞 − 𝑘)

)1−1/𝑛

<
2
𝑛

1(𝑞
𝑘

) (
2𝑞
𝑞/2

)1−1/𝑛

≤ 2
𝑛

1(𝑞
𝑘

) 41−1/𝑛

≤ 8
𝑛
· 1(𝑞

𝑘

)
where the third inequality holds because 𝑞 + 1 ≤ 2𝑞, both 𝑘 ≥ 1, (𝑞 − 𝑘) ≥ 1, and at least one 𝑘 and (𝑞 − 𝑘) is ≥ 𝑞/2.

□

Proof of Claim 3 Recall that 𝑏𝑖𝑞 = 𝑔𝑛(𝑞−1)+𝑖 . Further, 𝑔𝑛(𝑞−1)+𝑖 ∈ 𝐿 requires that 𝑃𝑛(𝑞−1)+𝑖−1 ⊆
𝐿, otherwise an item 𝑔 ∉ 𝐿, which 𝑖 prefers to any item in 𝐿, is available (and 𝑖 would have pre-

ferred to choose it). Since |𝑃𝑛(𝑞−1)+𝑖−1 | = 𝑚 − (𝑛(𝑞 − 1) + 𝑖 − 1) = 𝑛 − 𝑖 + 1, we have Pr
[
𝑏𝑖𝑞 ∈ 𝐿

]
=

Pr
[
𝑃𝑛(𝑞−1)+𝑖−1 ⊆ 𝐿

]
=

∑
𝑆∈( 𝐿

𝑛+1−𝑖) Pr
[
𝑃𝑛(𝑞−1)−𝑖+1 = 𝑆

]
. Fixing an arbitrary 𝑆 ∈

( 𝐿
𝑛+1−𝑖

)
we have Pr

[
𝑃𝑛(𝑞−1)−𝑖+1 = 𝑆

]
=

Pr
[⋂𝑛(𝑞−1)+𝑖−1

𝑡=1 {𝑔𝑡 ∉ 𝑆}
]
=

∏𝑛(𝑞−1)+𝑖−1
𝑡=1 Pr

[
𝑔𝑡 ∉ 𝑆

��⋂𝑡−1
𝑡 ′=1 𝑔𝑡 ′ ∉ 𝑆

]
=

∏𝑛(𝑞−1)+𝑖−1
𝑡=1 Pr [𝑔𝑡 ∉ 𝑆 | 𝑆 ⊆ 𝑃𝑡−1]. For timesteps 𝑡

where 𝑖 made a pick, i.e., 𝑡 ≡ 𝑖 (mod 𝑛), Pr [𝑔𝑡 ∉ 𝑆 | 𝑆 ⊆ 𝑃𝑡−1] is hard to compute, as it depends on exactly which items

are available. In these cases, we use the trivial upper bound of 1. For other timesteps 𝑡, 𝑔𝑡 is a uniformly random item

from 𝑃𝑡−1, so Pr [𝑔𝑡 ∉ 𝑆 | 𝑆 ⊆ 𝑃𝑡−1] = 1 − |𝑆 |
|𝑃𝑡−1 | = 1 − 𝑛+1−𝑖

𝑚+1−𝑡 =
𝑚+1−𝑡−(𝑛+1−𝑖)

𝑚+1−𝑡 . It follows that Pr
[
𝑃𝑛(𝑞−1)−𝑖+1 = 𝑆

]
≤∏𝑛(𝑞−1)+𝑖−1

𝑡=1:𝑡.𝑖 mod 𝑛

𝑚+1−𝑡−(𝑛+1−𝑖)
𝑚+1−𝑡 . To ease notation, we perform a change of variables to 𝑡′ = 𝑛(𝑞−1) +𝑖− 𝑡, i.e., we reverse the

product. The condition 𝑡 . 𝑖 (mod 𝑛) becomes 𝑡′ . 0 (mod 𝑛), and we have 𝑡′ = 𝑛(𝑞−1) + 𝑖− 𝑡 =𝑚 +1− 𝑡 − (𝑛+1− 𝑖).
Therefore, we can simplify to

𝑛(𝑞−1)+𝑖−1∏
𝑡 ′=1:𝑡 ′.0( mod 𝑛)

𝑡′

𝑡′ + (𝑛 + 1− 𝑖)

=

∏𝑛(𝑞−1)+𝑖−1
𝑡 ′=1

𝑡 ′

𝑡 ′+(𝑛+1−𝑖)∏𝑛(𝑞−1)+𝑖−1
𝑡 ′=1:𝑡 ′≡0( mod 𝑛)

𝑡 ′
𝑡 ′+(𝑛+1−𝑖)

=

𝑛(𝑞−1)+𝑖−1∏
𝑡 ′=1

𝑡′

𝑡′ + (𝑛 + 1− 𝑖)

·
𝑛(𝑞−1)+𝑖−1∏

𝑡 ′=1:𝑡 ′≡0( mod 𝑛)

𝑡′ + (𝑛 + 1− 𝑖)
𝑡′

.

Observing that 𝑛(𝑞 − 1) + 𝑖 − 1+ (𝑛 + 1− 𝑖) = 𝑞𝑛 =𝑚, the first product is exactly equal to

(𝑚 − (𝑛 + 1− 𝑖))!(𝑛 + 1− 𝑖)!
𝑚!

=
1( 𝑚

𝑛+1−𝑖
)



34 Benadè, Halpern, Psomas, and Verma: Existence of Envy-Free Allocations Beyond Additive Valuations

≤ 1
(𝑚 − (𝑛 + 1− 𝑖))𝑛+1−𝑖

≤ 1
(𝑚 − 𝑛)𝑛+1−𝑖

≤ (𝑚≥2𝑛)
(

2
𝑚

)𝑛+1−𝑖
.

The second product simplifies, as we only need to consider values 𝑡′ = ℓ𝑛 for 1 ≤ ℓ ≤ 𝑞 − 1. Hence,

𝑛(𝑞−1)+𝑖−1∏
𝑡 ′=1:𝑡 ′=0 mod 𝑛

𝑡′ + (𝑛 + 1− 𝑖)
𝑡′

=

𝑞−1∏
ℓ=1

ℓ𝑛 + (𝑛 + 1− 𝑖)
ℓ𝑛

=

𝑞−1∏
ℓ=1

ℓ + 𝑛+1−𝑖
𝑛

ℓ

=
(1+ 𝑛+1−𝑖

𝑛
)𝑞−1

(𝑞 − 1)! ,

where the notation (𝑥)𝑟 represents the rising factorial (𝑥)𝑟 = 𝑥(𝑥 + 1) · · · (𝑥 + 𝑟 − 1). We use the fact that (𝑥)𝑟 = Γ (𝑥+𝑟 )
Γ (𝑥 )

to get that the above is equal to,
Γ(𝑞 + 𝑛+1−𝑖

𝑛
)

Γ(1+ 𝑛+1−𝑖
𝑛
)Γ(𝑞)

.

Similarly to Claim 1, using the fact that the Gamma function is lower bounded by 1/2 and Gautschi’s inequality Gautschi

(1959), along with the assumption that 𝑚 ≥ 2𝑛, the above is at most

2Γ(𝑞 + 𝑛+1−𝑖
𝑛
)

Γ(𝑞) ≤ 2
(
𝑞 + 𝑛 + 1− 𝑖

𝑛

) 𝑛+1−𝑖
𝑛

≤ 2 (𝑞 + 1)
𝑛+1−𝑖

𝑛

≤ 2𝑚
𝑛+1−𝑖

𝑛

= 2(𝑚1/𝑛)𝑛+1−𝑖 .

Combining with the previous bounds, we obtain for any 𝑆 ∈
( 𝐿
𝑛+1−𝑖

)
that, Pr

[
𝑃𝑛(𝑞−1)−𝑖+1 = 𝑆

]
≤

(
2
𝑚

)𝑛+1−𝑖
·

2(𝑚1/𝑛)𝑛+1−𝑖 = 2
(

2
𝑚1−1/𝑛

)𝑛+1−𝑖
. The number of possible choices of 𝑆 is(

|𝐿 |
𝑛 + 1− 𝑖

)
≤ |𝐿 |𝑛+1−𝑖 ≤ (4𝑛 log𝑚)𝑛+1−𝑖 . (8)

Union bounding over all of these choices, we get that Pr
[
𝑏𝑖𝑞 ∈ 𝐿

]
= Pr

[
𝑃𝑛(𝑞−1)−𝑖+1 ⊆ 𝐿

]
≤ 2

(
8𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖
, which

concludes the proof of Claim 3. □

B.1. Missing details from the proof of Lemma 3

Here, we flesh out the missing details from the proof of Lemma 3.

For 𝑘 < 𝑞, the proof of Lemma 5 goes through almost identically, to give us Pr
[
E𝑖 𝑗
𝑘

]
≤ 8
(𝑞𝑘)

. The only difference

is that the equality in 𝑚 − ((ℓ − 1)𝑛 + 𝑗 − 1) = (𝑞 − ℓ)𝑛 + 𝑛 − 𝑗 + 1) of Equation (4) becomes a weak inequality; the

inequality is in the right direction for the same conclusion to hold.

For 𝑘 = 𝑞, the proof of Lemma 6, the analysis is very similar, even though more care is needed. To ensure that there

are at least 3 log𝑚 items remaining when lower bounding the expectation in Equation (6), since |𝑅0 | + |𝑅𝑞 | is only upper
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bounded by (𝑛− 1) + 𝑟 ≤ 2𝑛− 1, we slightly change 𝐿, which is now defined as the bottom ⌈3𝑛 log𝑚⌉ + 2𝑛− 1 items. It

follows that |𝐿 | ≤ 5𝑛 log𝑚. A second change is in the proof of Claim 3. |𝑃𝑛(𝑞−1)+𝑖−1 |, the number of items remaining

when 𝑖 makes their 𝑞’th pick, is now 𝑛 − 𝑖 + 1 + 𝑟 . The analysis continues to go through by replacing occurrences of

𝑛− 𝑖 +1 with 𝑛− 𝑖 +1+ 𝑟 . In the change of variables, we have 𝑡′ = 𝑛(𝑞−1) + 𝑖− 𝑡 =𝑚 +1− 𝑡 − (𝑛+1− 𝑖 + 𝑟). This means

that Inequality (8) becomes (
|𝐿 |

𝑛 + 1− 𝑖 + 𝑟

)
≤ |𝐿 |𝑛+1−𝑖+𝑟 ≤ (5𝑛 log𝑚)𝑛+1−𝑖+𝑟 ,

and Inequality (5) becomes

Pr

[ ⋃
𝑗: 𝑗<𝑖
E𝑖 𝑗𝑞

]
≤ 𝑛

𝑚
+ 2

(
10𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖+𝑟
. (9)

For 𝑛 = 2, we will need a bound that is even stronger than (9). When there are two agents the only envy event we

need to consider is E21
𝑞 . We claim that we need only include 𝑖’s worst 1+ 𝑟 ≤ 3 items in 𝐿 to get Pr

[
E21
𝑞

�� 𝑏2𝑞 ∉ 𝐿
]
= 0.

Indeed, suppose 𝑏2𝑞 ∉ 𝐿, so 𝑏2𝑞 is not one of the 3 worst items according to 𝜋2. Since |𝑅𝑞 | ≤ 2 and 𝐿 ∩ 𝐴
𝑞

2 = ∅, it must

be that 𝐴𝑞

1 ∩ 𝐿 ≠ ∅. We conclude 𝑏1𝑞 ∈ 𝐿, so 𝑏2𝑞 ≻2 𝑏1𝑞 and event E21
𝑞 does not occur. Therefore, when 𝑛 = 2,∑︁

𝑖∈N
Pr

[ ⋃
𝑗: 𝑗<𝑖
E𝑖 𝑗𝑞

]
= Pr

[
E21
𝑞

]
≤ 2

(
2𝑛
𝑚1/2

)1+𝑟
(10)

We are now ready to upper bound the probability that A𝑞 is not SD-EF.

Pr

[⋃
𝑖, 𝑗

E𝑖 𝑗
]
≤

∑︁
𝑖∈N

𝑞∑︁
𝑘=1

Pr

[ ⋃
𝑗: 𝑗<𝑖
E𝑖 𝑗
𝑘

]
≤

∑︁
𝑖∈N

(
𝑞−1∑︁
𝑘=1

Pr

[⋃
𝑗

E𝑖 𝑗
𝑘

]
+Pr

[⋃
𝑗

E𝑖 𝑗𝑞

])
≤ 𝑛

𝑞−1∑︁
𝑘=1

Pr

[⋃
𝑗

E𝑖 𝑗
𝑘

]
+

∑︁
𝑖∈N

Pr

[⋃
𝑗

E𝑖 𝑗𝑞

]
≤ 8𝑛

𝑞−1∑︁
𝑘=1

1(𝑞
𝑘

) +∑︁
𝑖∈N

Pr

[⋃
𝑗

E𝑖 𝑗𝑞

]
.

Since 𝑞𝑛 ≥ 𝑚/2 we can refine Inequality (3) to get
∑𝑞−1

𝑘=1
1
(𝑞𝑘)
≤ 4

𝑞
≤ 8𝑛

𝑚
, so the first term is at most 64𝑛2

𝑚
.

When 𝑛 = 2, the second term is bounded by 2
(

2𝑛
𝑚1/2

)1+𝑟
by (10). By our assumption 𝑚 ≥ 2000𝑛2 and 𝑟 ≥ 1, so

2𝑛
𝑚1/2 ≤ 1 and

2
(

2𝑛
𝑚1/2

)1+𝑟
≤ 2

(
2𝑛
𝑚1/2

)1+1
=

8𝑛2

𝑚
,

from which it follows that Pr
[⋃

𝑖, 𝑗 E𝑖 𝑗
]
≤ 64𝑛2

𝑚
+ 8𝑛2

𝑚
= 72𝑛2

𝑚
≤ 2066𝑛2

𝑚
.

Next, we show the same bound for 𝑛 ≥ 3. Here

Pr

[⋃
𝑗

E𝑖 𝑗𝑞

]
≤ 𝑛2

𝑚
+ 2

∑︁
𝑖∈N

(
10𝑛 log𝑚
𝑚1−1/𝑛

)𝑛+1−𝑖+𝑟
≤ 𝑛2

𝑚
+ 2

∞∑︁
𝑖=1

(
10𝑛 log𝑚
𝑚1−1/𝑛

) 𝑖+𝑟
≤ 𝑛2

𝑚
+ 2

∞∑︁
𝑖=1

(
10𝑛 log𝑚
𝑚2/3

) 𝑖+𝑟
.
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We claim that log𝑚
𝑚1/6 ≤ 6

𝑒
. To see why, observe that the derivative of log𝑚

𝑚1/6 is 6−log(𝑚)
6𝑚(7/6) ) the function is maximized over

positive reals exactly at 𝑚 = 𝑒6, where it takes value 6
𝑒

. Substituting into the above,

Pr

[⋃
𝑗

E𝑖 𝑗𝑞

]
≤ 𝑛2

𝑚
+ 2

∞∑︁
𝑖=1

(
60𝑛
𝑒𝑚1/2

) 𝑖+𝑟
.

Since (60/𝑒)2 ≤ 500 and we are restricted to 𝑚 ≥ 2000𝑛2, 60𝑛
𝑒𝑚1/2 ≤

√︃
500
2000 = 1/2. Using the fact that 𝑟 ≥ 1, this infinite

series is at most
𝑛2

𝑚
+ 4

(
60𝑛
𝑒𝑚1/2

)2
≤ 2001𝑛2

𝑚
.

Hence,

Pr

[⋃
𝑗

E𝑖 𝑗𝑞

]
≤ 2066𝑛2

𝑚
,

as needed.

B.2. Missing lemmas from Section 4.4

Proof of Lemma 7Let 𝑇 be the top ⌊32 log𝑚 + 4𝑛⌋ items according to 𝜋𝑖 . Notice that if 𝑇 ⊆ 𝐴𝑖 , 𝑏𝑖𝑘 ≻ 𝑏 𝑗𝑘 for all

𝑘 ≤ 32 log𝑚 + 4𝑛. More formally, this means that,

Pr


⋃
𝑘:𝑘<32 log𝑚+4𝑛

⋃
𝑗: 𝑗≠𝑖
E𝑖 𝑗
𝑘

 ≤ Pr [𝑇 ⊈ 𝐴𝑖] ,

so we directly upper bound the latter. For 𝑇 ⊈ 𝐴𝑖 to occur, it must be the case that some other agent 𝑗 received an item in

𝑇 before 𝑖 made their (⌊32 log𝑚 +4𝑛⌋)’th pick. Since we are assuming 𝑚 ≥ 32 log𝑚 +4𝑛+ 𝑛2 ≥ |𝑇 | + 𝑛2, 𝑖 would never

give away an item in 𝑇 during the giveaway phase as a worse item must be available. Hence, the only way that another

agent receives an item in 𝑇 is if they are given it by a non-𝑖 agent in the giveaway phase or they pick it in the Round

Robin phase before time 𝑛( |𝑇 | − 1) + 𝑖 ≤ 𝑛|𝑇 |. From 𝑖’s perspective all of these items are chosen uniformly at random

from the pool. There are at most (𝑛 − 1) ( |𝑇 | + 𝑛) ≤ 𝑛|𝑇 | + 𝑛2 ≤ 32𝑛 log𝑚 + 5𝑛2 such items. When they are taken, the

pool is always of size at least 𝑚 − (32𝑛 log𝑚 + 5𝑛2). Hence, each is selected with probability at most 32𝑛 log𝑚+5𝑛2

𝑚−32𝑛 log𝑚−5𝑛2 .

Since we are assuming 𝑚 ≥ 64𝑛 log𝑚 +10𝑛2, this probability is at most 64𝑛 log𝑚+10𝑛2

𝑚
. Union bounding over the at most

32𝑛 log𝑚 + 5𝑛2 choices of 𝑘 , this implies that the total probability is at most

Pr


⋃
𝑘:𝑘<32 log𝑚+4𝑛

⋃
𝑗: 𝑗≠𝑖
E𝑖 𝑗
𝑘


≤ (64𝑛 log𝑚 + 10𝑛2) (32𝑛 log𝑚 + 5𝑛2)

𝑚

=
2048𝑛2 log2 𝑚 + 640𝑛3 log𝑚 + 50𝑛4

𝑚
. □

Proof of Lemma 8 Here, we upper bound each Pr
[
E𝑖 𝑗
𝑘

]
individually and union bound over the at most 𝑞 choices

of 𝑘 and 𝑛 choices of 𝑗 . Fix agent 𝑗 ≠ 𝑖 and 𝑘 such that 32 log𝑚 +4𝑛 ≤ 𝑘 ≤ 𝑞−32 log𝑚−5𝑛. We first consider 𝑗 < 𝑖 and

later show how to extend it to 𝑗 > 𝑖. Notice that 𝑏𝑖𝑘 ⪰𝑖 𝑔(𝑘−1)𝑛+𝑖 , i.e., 𝑖’s 𝑘’th favorite item is at least as good as their

𝑘’th pick in the Round Robin phase (though it may be better if 𝑖 was lucky during the giveaway phase). Additionally,

if 𝑏 𝑗𝑘 ≻𝑖 𝑏𝑖𝑘 ⪰𝑖 𝑔(𝑘−1)𝑛+𝑖 , this implies that 𝐴 𝑗 contains at least 𝑘 items strictly preferred to 𝑔(𝑘−1)𝑛+𝑖 . None of these
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could have been chosen after time (𝑘 − 1)𝑛 + 𝑖 in the Round Robin phase as 𝑔(𝑘−1)𝑛+𝑖 was the best available item

from 𝑃(𝑘−1)𝑛+𝑖−1. Additionally, 𝑔(𝑘−1)𝑛+𝑖 ≻ 𝛾𝑖 𝑗 (the item 𝑖 gave to 𝑗) as 𝛾𝑖 𝑗 was the worst available item at a time

when 𝑔(𝑘−1)𝑛+𝑖 was available. Hence, for E𝑖 𝑗
𝑘

to hold, at least 𝑘 of
{
𝛾𝑖′ 𝑗

�� 𝑖′ ≠ 𝑖, 𝑗
}
∪

{
𝑔 𝑗 , . . . , 𝑔(𝑘−1)𝑛+ 𝑗

}
are preferred to

𝑔(𝑘−1)𝑛+𝑖 . Since |
{
𝛾𝑖′ 𝑗

�� 𝑖′ ≠ 𝑖, 𝑗
}
| = 𝑛− 2, this implies that |

{
ℓ
��𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖

}
| ≥ 𝑘 − (𝑛− 2). More formally,

we have that

Pr
[
E𝑖 𝑗
𝑘

]
≤ Pr

[
𝑘∑︁

ℓ=1
I[𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖] ≥ 𝑘 − (𝑛− 2)

]
.

As before, a necessary condition for 𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖 is 𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃 ( (𝑘−ℓ )𝑛+𝑖− 𝑗 )(ℓ−1)𝑛+ 𝑗−1 , hence,

Pr

[
𝑘∑︁

ℓ=1
I[𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖] ≥ 𝑘 − (𝑛− 2)

]
≤ Pr

[
𝑘∑︁

ℓ=1
I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃 ( (𝑘−ℓ )𝑛+𝑖− 𝑗 )(ℓ−1)𝑛+ 𝑗−1 ] ≥ 𝑘 − (𝑛− 2)

]
,

which is equal to Pr
[∑𝑘

ℓ=1 I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰̸𝑖 𝑃
( (𝑘−ℓ )𝑛+𝑖− 𝑗 )
(ℓ−1)𝑛+ 𝑗−1 ] ≤ 𝑛− 2

]
. Now each of these indicators is an independent

Bernoulli random variable. This means we can use a Chernoff bound on the sum. To do so, we first bound the expectation

of the sum. We have that

E

[
𝑘∑︁

ℓ=1
I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰̸𝑖 𝑃

( (𝑘−ℓ )𝑛+𝑖− 𝑗 )
(ℓ−1)𝑛+ 𝑗−1 ]

]
=

𝑘∑︁
ℓ=1

Pr
[
𝑔(ℓ−1)𝑛+ 𝑗 ⪰̸𝑖 𝑃

( (𝑘−ℓ )𝑛+𝑖− 𝑗 )
(ℓ−1)𝑛+ 𝑗−1

]
=

𝑘∑︁
ℓ=1

1− (𝑘 − ℓ)𝑛 + 𝑖 − 𝑗

|𝑃(ℓ−1)𝑛+ 𝑗−1 |

=

𝑘∑︁
ℓ=1

1− (𝑘 − ℓ)𝑛 + 𝑖 − 𝑗

𝑛(𝑞 − (𝑛− 1)) − ((ℓ − 1)𝑛 + 𝑗 − 1)

=

𝑘∑︁
ℓ=1

1− (𝑘 − ℓ)𝑛 + 𝑖 − 𝑗

𝑛(𝑞 − 𝑛− ℓ) + 1− 𝑗

=

𝑘∑︁
ℓ=1

𝑛(𝑞 − 𝑛− 𝑘) + 1− 𝑖
𝑛(𝑞 − 𝑛− ℓ) + 1− 𝑗

≥
𝑘∑︁

ℓ=1

𝑛(𝑞 − 𝑛− 𝑘) + 1− 𝑖 + (𝑖 − 1)
𝑛(𝑞 − 𝑛− ℓ) + 1− 𝑗 + (𝑖 − 1)

=

𝑘∑︁
ℓ=1

𝑛(𝑞 − 𝑛− 𝑘)
𝑛(𝑞 − 𝑛− ℓ) + 𝑖 − 𝑗

≥
𝑘∑︁

ℓ=1

𝑛(𝑞 − 𝑛− 𝑘)
𝑛(𝑞 − 𝑛− ℓ) + 𝑛

≥
𝑘∑︁

ℓ=1

𝑞 − 𝑛− 𝑘
𝑞 − 𝑛− ℓ + 1

≥ 𝑘 · 𝑞 − 𝑛− 𝑘
𝑞 − 𝑛 + 1

≥ (𝑞 − 𝑛− 𝑘)𝑘
𝑞 − 𝑛 + 1

+ (𝑞 − 𝑛− 𝑘)
𝑞 − 𝑛 + 1

− 1

=
(𝑞 − 𝑛− 𝑘) (𝑘 + 1)

𝑞 − 𝑛 + 1
− 1.
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The last expression is at least max(𝑞−𝑛−𝑘,𝑘+1) ·min(𝑞−𝑛−𝑘,𝑘+1)
𝑞−𝑛+1 − 1 ≥ 1

2 ·min(𝑞 − 𝑛− 𝑘, 𝑘 + 1) − 1 ≥ 16 log𝑚 + 2𝑛− 1.

Let 𝜇 = E
[∑𝑘

ℓ=1 I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰̸𝑖 𝑃
( (𝑘−ℓ )𝑛+𝑖− 𝑗 )
(ℓ−1)𝑛+ 𝑗−1 ]

]
. The above implies that (𝑛 − 2) ≤ 1

2 𝜇. Hence, a Chernoff bound

implies that

Pr

[
𝑘∑︁

ℓ=1
I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰̸𝑖 𝑃

( (𝑘−ℓ )𝑛+𝑖− 𝑗 )
(ℓ−1)𝑛+ 𝑗−1 ] ≤ 𝑛− 2

]
≤ Pr

[
𝑘∑︁

ℓ=1
I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰̸𝑖 𝑃

( (𝑘−ℓ )𝑛+𝑖− 𝑗 )
(ℓ−1)𝑛+ 𝑗−1 ] ≤

1
2
𝜇

]

≤ exp
©­­«−

(
1
2

)2
𝜇

2
ª®®¬

= exp
(
− 𝜇

8

)
≤ exp (−2 log𝑚) = 1

𝑚2 .

All together, this implies that for 𝑗 < 𝑖, Pr
[
E𝑖 𝑗
𝑘

]
≤ 1/𝑚2.

For 𝑗 > 𝑖, the argument can be modified as follows. Notice that 𝑗’s 𝑘’th pick will be after 𝑖’s 𝑘’th pick,

hence, we need only sum over ℓ from 1 to 𝑘 − 1. This gives Pr
[∑𝑘−1

ℓ=1 I[𝑔(ℓ−1)𝑛+ 𝑗 ≻𝑖 𝑔(𝑘−1)𝑛+𝑖] ≥ 𝑘 − (𝑛− 2)
]
≤

Pr
[∑𝑘−1

ℓ=1 I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰𝑖 𝑃 ( (𝑘−ℓ )𝑛+𝑖− 𝑗 )(ℓ−1)𝑛+ 𝑗−1 ] ≥ 𝑘 − (𝑛− 2)
]
= Pr

[∑𝑘−1
ℓ=1 I[𝑔(ℓ−1)𝑛+ 𝑗 ⪰̸𝑖 𝑃

( (𝑘−ℓ )𝑛+𝑖− 𝑗 )
(ℓ−1)𝑛+ 𝑗−1 ] ≤ 𝑛− 3

]
.

The analysis of the expectation goes through (replacing 𝑘 with 𝑘 − 1) since we never use that 𝑗 < 𝑖, at least until

getting the expectation is lower bounded by
𝑘−1∑︁
ℓ=1

𝑞 − 𝑛− 𝑘
𝑞 − 𝑛− ℓ + 1

.

Now, we can continue with

𝑘−1∑︁
ℓ=1

𝑞 − 𝑛− 𝑘
𝑞 − 𝑛− ℓ + 1

≥
𝑘∑︁

ℓ−1

𝑞 − 𝑛− 𝑘
𝑞 − 𝑛− ℓ + 1

− 1,

at which point the remainder of the analysis continues to hold (off by one) until 𝜇 ≥ 16 log𝑚 + 2𝑛 − 2. This is still

sufficient for (𝑛− 3) ≤ 1
2 𝜇 and 𝜇 ≥ 16 log𝑚, which is all that was needed for the Chernoff bound to hold. This means

that Pr
[
E𝑖 𝑗
𝑘

]
≤ 1/𝑚2 for 𝑗 > 𝑖 as well.

Union bounding over the 𝑞 possible choices of 𝑘 and 𝑛 possible choices of 𝑗 , we get that

Pr


⋃
𝑘:32 log𝑚+4𝑛≤𝑘≤𝑞−32 log𝑚−5𝑛

⋃
𝑗: 𝑗≠𝑖
E𝑖 𝑗
𝑘

 ≤
𝑞𝑛

𝑚2 =
1
𝑚
. □

Proof of Lemma 9 Let 𝐿 be the last ⌊64𝑛 log𝑚 +12𝑛2⌋ items according to 𝜋𝑖 . Just as in Lemma 6, we will decom-

pose Pr
[⋃

𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1
⋃

𝑗: 𝑗≠𝑖 E
𝑖 𝑗

𝑘

]
≤ Pr

[⋃
𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1

⋃
𝑗: 𝑗≠𝑖 E

𝑖 𝑗

𝑘

��� 𝑏 (𝑞−1)𝑖 ∉ 𝐿

]
+Pr

[
𝑏 (𝑞−1)𝑖 ∈ 𝐿

]
≤∑

𝑗: 𝑗≠𝑖 Pr
[⋃

𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1 E
𝑖 𝑗

𝑘

��� 𝑏 (𝑞−1)𝑖 ∉ 𝐿

]
+Pr

[
𝑏 (𝑞−1)𝑖 ∈ 𝐿

]
.

We upper-bound each of these summands. We begin with Pr
[
𝑏 (𝑞−1)𝑖 ∈ 𝐿

]
. We again split decompose this depending

on if 𝑖 received any goods in 𝐿 during the giveaway phase.

Pr
[
𝑏 (𝑞−1)𝑖 ∈ 𝐿

]
≤ Pr

[
𝑏 (𝑞−1)𝑖

�� {𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 = ∅

]
+Pr

[{
𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 ≠ ∅

]
.
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For Pr
[{
𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 ≠ ∅

]
, recall that 𝛾 𝑗𝑖 are just random items from the pool from when the pool is of size at least

𝑚 − 𝑛2, hence, the probability each is an element of 𝐿 is at most |𝐿 |
𝑚−𝑛2 . Using the assumption that 𝑚 ≥ 2𝑛2, we have

that this is at most 2 |𝐿 |
𝑚
≤ 128𝑛 log𝑚+20𝑛2

𝑚
.

For Pr
[
𝑏 (𝑞−1)𝑖 ∈ 𝐿

�� {𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 = ∅

]
, since we are conditioning on 𝑖 not being given any items in 𝐿 during the

giveaway phase, the only way that 𝑖 will receive such items is if they pick them during round robin. For 𝑏 (𝑞−1)𝑖 ∈ 𝐿,

𝑖 must receive at least 2 items in 𝐿. This means that even when 𝑖 made their second to last pick at Round Robin

𝑔𝑛(𝑞−𝑛−1)+𝑖 the pool was 𝑃𝑛(𝑞−𝑛−1)+𝑖−1, the only available items were from 𝐿, i.e.,𝑃𝑛(𝑞−𝑛−1)+𝑖−1 ⊆ 𝐿. Notice that

|𝑃𝑛(𝑞−𝑛−1)+𝑖−1 | =𝑚−𝑛(𝑛−1) − (𝑛(𝑞−𝑛−1) + 𝑖−1) = 2𝑛− 𝑖+1. We will union bound over all possible sets 𝑆 ∈
( 𝐿
2𝑛−𝑖+1

)
analyzing the probability that Pr

[
𝑃𝑛(𝑞−𝑛−1)+𝑖−1 = 𝑆

�� {𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 ≠ ∅

]
.

We can decompose Pr
[
𝑃𝑛(𝑞−𝑛−1)+𝑖−1 = 𝑆

�� {𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 ≠ ∅

]
= Pr

[
𝑆 ⊆ 𝑃0

�� {𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 ≠ ∅

]
·∏𝑃𝑛(𝑞−𝑛−1)+𝑖−1

𝑡=1 Pr
[
𝑔𝑡 ∉ 𝑆

�� 𝑆 ⊆ 𝑃𝑡−1 ∧
{
𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 ≠ ∅

]
.

For the first term and all terms where 𝑡 ≡ 𝑖 mod 𝑛, this probability may be hard to compute, but we can upperbound

it by 1. For all other terms with 𝑡 . 𝑖 mod 𝑛,

Pr
[
𝑔𝑡 ∉ 𝑆

�� 𝑆 ⊆ 𝑃𝑡−1 ∧
{
𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 ≠ ∅

]
= 1− |𝑆 |

|𝑃𝑡−1 |
.

Hence, this entire product is upper bounded by
𝑛(𝑞−𝑛−1)+𝑖−1∏
𝑡=1:𝑡.𝑖 mod 𝑛

𝑛(𝑞 − (𝑛− 1)) + 1− 𝑡 − (2𝑛− 𝑖 + 1)
𝑛(𝑞 − (𝑛− 1) + 1− 𝑡 .

Notice that this is now the same analysis as the proof of Claim 3 with 𝑚 replaced with 𝑞(𝑛− 1) and 𝑛 + 1− 𝑖 replaced

with 2𝑛 + 1− 𝑖. Hence, the above product is upperbounded by

2
(

2
(𝑛(𝑞 − (𝑛− 1)))1−1/𝑛

)2𝑛+1−𝑖
.

Using the fact that 𝑚 ≥ 2𝑛2 so 𝑛(𝑞 − (𝑛− 1)) ≥ 𝑚/2, this is at most

2
(

4
𝑚1−1/𝑛

)2𝑛+1−𝑖
.

Union bounding over the at most
( |𝐿 |
2𝑛+1−𝑖

)
≤ |𝐿 |2𝑛+1−𝑖 ≤ (64𝑛 log𝑚 + 10𝑛2)2𝑛+1−𝑖 subsets 𝑆, we get that

Pr
[
𝑏 (𝑞−1)𝑖

�� {𝛾 𝑗𝑖

�� 𝑗 ≠ 𝑖
}
∩ 𝐿 = ∅

]
≤

(
256𝑛 log𝑚 + 48𝑛2

𝑚1−1/𝑛

)2𝑛+1−𝑖
≤

(
256𝑛 log𝑚 + 48𝑛2

𝑚1/2

)2𝑛+1−𝑖
.

Since we have restricted to 𝑚 ≥ (256𝑛 log𝑚 + 40𝑛2)2, 𝑚1/2 ≥ 256𝑛 log𝑚 + 48𝑛2, so the inside is at most 1. Hence,

since 2𝑛 + 1− 𝑖 ≥ 𝑛 + 1 ≥ 2, this is at most(
64𝑛 log𝑚 + 12𝑛2

𝑚1/2

)2

=
65536𝑛2 log2 𝑚 + 24576𝑛3 log𝑚 + 2304𝑛4

𝑚
.

Hence, we have that

Pr
[
𝑏 (𝑞−1)𝑖 ∈ 𝐿

]
≤ 65536𝑛2 log2 𝑚 + 24576𝑛3 log𝑚 + 2304𝑛4 + 128𝑛 log𝑚 + 24𝑛2

𝑚
.

Finally, fix some agent 𝑗 ≠ 𝑖. We consider Pr
[⋃

𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1 E
𝑖 𝑗

𝑘

��� 𝑏 (𝑞−1)𝑖 ∉ 𝐿

]
. Notice that if 𝑏 (𝑞−1)𝑖 ∉ 𝐿, as

long as |𝐴 𝑗 ∩ 𝐿 | ≥ 32 log𝑚 + 5𝑛, then for all 𝑘 ≤ 32 log𝑚 + 5𝑛, 𝑏𝑖𝑘 ⪰𝑖 𝑏𝑖 (𝑞−1) ≻𝑖 𝑏 𝑗𝑘 , so E𝑖 𝑗
𝑘

does not hold. Hence, we

wish to upperbound the probability that |𝐴 𝑗 ∩ 𝐿 | < 32 log𝑚 + 5𝑛. We use the second equivalent process, and consider
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sampling all of 𝛾𝑖′ 𝑗′ items along with sets 𝑅0, . . . , 𝑅𝑞 and goods picked by agent 𝑖, 𝑔𝑡 with 𝑡 ≡ 𝑖 mod 𝑛, but we have not

yet sampled which non-𝑖 agent receives which items in 𝑅0, . . . , 𝑅𝑞 . Notice that conditioned on 𝑏𝑖 (𝑞−1) ∉ 𝐿, |𝐴𝑖 ∩ 𝐿 | ≤ 1.

Since 𝑛(𝑛− 1) items are in the giveaway phase and |𝑅0 | + |𝑅𝑞 | = 𝑛− 1, this implies that
���𝐿 ∩ (⋃𝑞−1

ℓ=1 𝑅ℓ

)��� ≥ |𝐿 | − 𝑛2 ≥
⌊64𝑛 log𝑚 + 11𝑛2⌋ ≥ 64𝑛 log𝑚 + 10𝑛2. Notice that |𝐴 𝑗 ∩ 𝐿 | ≥

∑𝑞−1
ℓ=1 I[𝐴 𝑗 ∩ 𝑅𝑙 ∩ 𝐿 ≠ ∅]. Further, this is a sum of inde-

pendent Bernoulli variables with Pr
[
𝐴 𝑗 ∩ 𝑅𝑙 ∩ 𝐿 ≠ ∅

]
=
|𝑅𝑙∩𝐿 |
𝑛−1 . Hence, E[∑𝑞−1

ℓ=1 I[𝐴 𝑗 ∩ 𝑅𝑙 ∩ 𝐿 ≠ ∅]] ≥∑𝑞−1
ℓ=1

|𝑅𝑙∩𝐿 |
𝑛−1 =���𝐿∩(⋃𝑞−1

ℓ=1 𝑅ℓ

)���
𝑛−1 ≥ 64 log𝑚 + 10𝑛. We can then use a Chernoff bound to show that Pr

[
|𝐴 𝑗 ∩ 𝐿 | ≤ 32 log𝑚 + 5𝑛

]
≤

Pr
[∑𝑞−1

ℓ=1 I[𝐴 𝑗 ∩ 𝑅𝑙 ∩ 𝐿 ≠ ∅] ≤ 32 log𝑚 + 5𝑛
]
≤ Pr

[∑𝑞−1
ℓ=1 I[𝐴 𝑗 ∩ 𝑅𝑙 ∩ 𝐿 ≠ ∅] ≤ 1

2E
[∑𝑞−1

ℓ=1 I[𝐴 𝑗 ∩ 𝑅𝑙 ∩ 𝐿 ≠ ∅]
] ]
≤

exp

(
−
(1/2)2E

[∑𝑞−1
ℓ=1 I[𝐴 𝑗∩𝑅𝑙∩𝐿≠∅]

]
2

)
≤ exp

(
− 32 log𝑚

8

)
≤ 1

𝑚4 ≤ 1
𝑚

.

Hence, we have that ∑︁
𝑗: 𝑗≠𝑖

Pr


⋃
𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1

E𝑖 𝑗
𝑘

������ 𝑏 (𝑞−1)𝑖 ∉ 𝐿

 ≤
𝑛

𝑚
.

Putting this together, we have that Pr
[⋃

𝑘:𝑞−32 log𝑚−5𝑛<𝑘≤𝑞−1
⋃

𝑗: 𝑗≠𝑖 E
𝑖 𝑗

𝑘

]
is at most

65536𝑛2 log2 𝑚 + 24576𝑛3 log𝑚 + 2304𝑛4 + 128𝑛 log𝑚 + 24𝑛2 + 𝑛
𝑚

. □

Proof of Lemma 10 Let 𝐿 be the last 𝑛 − 1 items according to 𝜋𝑖 . A sufficient condition for
⋃

𝑘:𝑘=𝑞
⋃

𝑗: 𝑗≠𝑖 E
𝑖 𝑗

𝑘
=⋃

𝑗: 𝑗≠𝑖 E
𝑖 𝑗
𝑞 to hold is that

{
𝛾𝑖 𝑗

�� 𝑖 ≠ 𝑗
}
= 𝐿, i.e., 𝑖 is able to give away their bottom 𝑛 − 1 goods. In this case, 𝑏𝑖𝑞 ≻𝑖 𝐿

while 𝑏 𝑗𝑞 ∈ 𝐿 for all 𝑗 ≠ 𝑖. For this to hold, the only necessary condition is that no other agent has given away a good

in 𝐿 prior to 𝑖 giving them away. There are at most 𝑛2 items given away before 𝑖 is able to give, and each of these is an

element of 𝐿 with probability at most |𝐿 |
𝑚−𝑛2 . Since we are assuming that 𝑀 ≥ 2𝑛2, this is at most 2𝑛

𝑚
. Hence,

Pr

⋃
𝑘:𝑘=𝑞

⋃
𝑗: 𝑗≠𝑖
E𝑖 𝑗
𝑘

 ≤
2𝑛
𝑚

. □

Appendix C: Non-existence of SD-EFX allocations

Complementing Theorem 4, in this section we show that SD-EFX allocations may not exist, even for additive valuations.

Additionally, this also contrasts with the fact that the existence of EFX remains an elusive open problem.

We first consider an instance 𝑚 = 4 items and 𝑛 = 2 agents having identical additive valuation function 𝑣 : 2[4]→R≥0.

The function 𝑣 is such that 𝑣({1}) = 4, 𝑣({2}) = 1+ 𝜖 , 𝑣({3}) = 1, and 𝑣({4}) = 1− 𝜖 . Indeed, the only EFX allocations

in this instance are A = ({1} , {2,3,4}) and Â = ({2,3,4} , {1}). Note that an SD-EFX allocation must also be EFX,

therefore, if an SD-EFX allocation exists for this instance it must be A or Â.

Furthermore, if an allocation is SD-EFX, then it must also be EFX for any other instance in which both agents have

the same preference order over the items. Now consider a second instance wherein both agents instead have the additive

function 𝑣̂ such that 𝑣̂({1}) = 4, 𝑣̂({2}) = 3, 𝑣̂({3}) = 2, and 𝑣̂({4}) = 1. Note that the preference order of items is the

same in 𝑣 and 𝑣̂, therefore, if A (or Â) is SD-EFX then it must be EFX for the second instance. It is easy to see that

neither A nor Â is EFX for the second instance. This shows that SD-EFX allocations do not exist, even for additive

valuations.
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