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Abstract

We study the fundamental problem of scheduling jobs with stochastic
sizes to minimize the total completion time for both single and
parallel machines. Traditionally, the size distributions are assumed
to be known to the scheduler; the challenge is accounting for the
stochasticity. Departing from prior work, we explore the problem
of efficiently learning to schedule when the size distributions are
unknown and we are unable to directly obtain samples from it. We
adopt an online bandit learning framework in which an algorithm
interacts with a scheduling environment over a series of T periods.
In each period, the algorithm commits to a schedule for n stochastic
jobs on up to m parallel machines and then observes only the random
cost of the schedule, and not individual job sizes. This so-called
bandit-feedback provides limited information about the underlying
(unknown) job size distributions. The objective is to minimize the
total regret — the difference in expected total completion time of
schedules chosen by the algorithm from that of the optimal schedule
under complete information.

Standard approaches based on multi-armed bandits are compu-
tationally infeasible due to the large space of feasible schedules.
Utilizing the structure of the scheduling problem, we give simple,
combinatorial, and computationally efficient algorithms for both
settings with nearly optimal regret. We guarantee O(n°+/T log T) re-
gret for a single machine and O(”ZS\/T log T) for parallel machines.
Both algorithms have total time complexity O(T + n*), or O(1)
amortized per-period complexity for large T. We complement our
upper bounds with an almost matching lower bound of Q(nVT) for
a single machine.
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* Theory of computation — Scheduling algorithms; Parallel
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1 Introduction

Scheduling under stochastic job sizes is a fundamental problem
in optimization and scheduling theory. Traditionally, much of the
work on stochastic scheduling has focused on the case where the
distribution of job sizes is known to the scheduler [12, 13, 16, 22,
24, 28]. Recently, motivated by the access to large amounts of data,
the question of how to learn a good schedule (or a good scheduling
policy) from data has attracted significant attention [19-21, 23, 30].
Typically, these works consider the case where the scheduler gains
access to samples from individual jobs [20, 30]. In contrast, we are
interested in the question of learning a schedule when we cannot
directly sample from the distribution, i.e. from partial feedback.
Specifically, what if the scheduler only observes the total cost of the
schedule?

This sort of partial feedback can occur in practical settings in-
volving parallel processing. Consider the case of a project manager
assigning a set of independent tasks to her team members to com-
plete a project in parallel. The manager may need to assign the
work all at once and may only receive feedback on the entire project
upon completion, yielding little information about the processing
requirements of individual tasks. As another example, consider a
setting where jobs are submitted by different agents to a shared
cloud computing environment and there is an interest in protecting
each agent’s privacy. Now partial, noisy feedback can obfuscate
private user information, and an algorithm which does not rely on
full feedback can find cost efficient schedules without sacrificing
privacy.

With this motivation, we consider the problem of scheduling jobs
to minimize the total completion time when job sizes are drawn from
an unknown distribution. For simplicity, we introduce the single
machine setting here; see the full paper for details on generalizing to
m identical parallel machines. Let n be the number of jobs that arrive
to the system and let D be a (potentially correlated) distribution
over job size vectors P = (P1, Py, ..., Py) € [0, 1]™. One can think of
each job as a “source” of broadly similar tasks. The scheduler does
not have access to D. Instead, they interact with the distribution
indirectly via the following game, which takes place over T time
periods. In period t € [T], the scheduler chooses an ordering 7 of
the n jobs (a schedule), then an independent sample P ~ D of job
sizes is drawn and the scheduler observes the total completion time:

n
cosT(r!,Pt) = Z C(j, =", Ph),
=
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where C(j, m, P) is the completion time of job j under the sched-
ule 7 with job sizes P. The scheduler receives only COST(x, P*), the
(random) sum of completion times, as feedback and does not observe
individual job sizes P*. When the distributions are known, the opti-
mal schedule sorts the jobs in order of non-decreasing i := E[P;]
[26]. Denote with * this schedule and with OPT = min, E[COST(,
its expected total completion time. Our objective is to find an algo-
rithm A which minimizes the regret, the expected additive increase
in cost incurred by deviating from the optimal schedule:

Regret(A,T) =E —T-OPT.

T
Z cost(x!, PY)
t=1

We are typically interested in the case where T grows independent
of n. This reflects the realistic case where the number of jobs we
must schedule at any given time is bounded, but we have ample time
to refine our scheduling decisions in response to the cost feedback.
Note that an algorithm with o(T) regret has its per-period expected
total completion time approaching OPT as T — co.

This problem is in the form of a Multi-armed Bandit (MAB) prob-
lem, where we can think of each schedule as an arm. The design of
algorithms for bandit problems is a well-studied area, for example,
see Lattimore and Szepesvdri [18] and Slivkins [29] for in-depth
introductions to the area. We can view our completion time sched-
uling problem under the linear bandits and combinatorial bandits
frameworks [1, 3, 5,7, 15, 17, 27, 33]. While solutions derived from
these frameworks give a nearly optimal ©(VT) dependence on T for
the regret, they suffer from the drawback that having exponentially
many schedules (arms) can lead to high computational complexity.
In many practical scenarios, it is critical that minimal time is spent
on computing scheduling decisions since the scheduler may be uti-
lizing the same computing resources needed for the jobs, making
prior algorithms derived from these frameworks undesirable. This
leads us to ask the following:

Can we develop highly efficient algorithms with nearly
optimal regret for completion time scheduling under
bandit feedback? In particular, can we do so while
using only O(1) amortized work per period?

1.1 Our Contributions

We answer these questions positively by giving the first algorithms
for stochastic completion time scheduling under bandit feedback
with nearly optimal (up to a factor of y/log T) dependence on T in
the regret and requiring only O(1) amortized work per-period. In
contrast to many papers on stochastic scheduling, our results do not
require independence between job sizes — jobs may have correlated
size distributions. Importantly, our algorithms are efficient in terms
of time complexity. We use fotal work to refer to the computational
effort (time complexity) needed by an algorithm to determine the
schedules that should be used across all T periods.

Single Machine: Even in the single machine setting, standard ap-
proaches based on linear bandits (e.g., LinUCB) will incur high
time complexity due to (1) the need to repeatedly estimate under-
lying parameters (the mean sizes yj, in our case), and (2) utilizing
the current parameter estimates to determine the next schedule via
some exploration policy. The first step is generally accomplished by
solving an n X n linear system, costing Q(poly(n)) time per period,
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while the latter involves finding the schedule with the most opti-
mistic expected cost under the current parameter estimates, costing
at least Q(n) time. Thus approaches based on linear bandits must
incur Q(nT) total work. Our first result shows that we can do signifi-
cantly better than standard approaches in the single machine setting,
which we state in the following theorem.

THEOREM 1.1. There is an algorithm for single machine com-
pletion time scheduling under bandit feedback with regret bounded

by O (nSVT log T). Moreover, this algorithm can be implemented

using O (T +n*) total work over all T periods.

Compared to existing approaches, our algorithm achieves similar
regret in terms of T with significantly better time complexity over-
all, requiring only amortized O(1) work per period for large T. To
achieve this, our algorithm estimates the mean difference between
pairs of job sizes by iteratively swapping pairs of jobs within some
reference schedule. The reference schedule is periodically updated
to remain consistent with the updated estimates. To bound the regret,
we use an observation due to Lindermayr and Megow [20] that the
regret of a schedule can be written as the sum of differences in mean
sizes of pairs of jobs that are inverted relative to the optimal sched-
ule. With a careful analysis we can upper bound the total number
of rounds that our algorithm inverts a given pair of jobs. To bound
the total work, our algorithm lazily updates the reference schedule
allowing us to amortize the costs over all T time periods.

Parallel Setting: The parallel setting introduces the complication
that some schedules have the same expected total completion time.
For example, swapping a pair of jobs which are both scheduled
first on two different machines yields no change in expected total
completion time. Our algorithm for the parallel setting needs to
carefully take this into account when estimating pairwise differences
in job sizes. This makes the algorithm design for the parallel setting
more intricate, but it also implies that there is “less to learn”, since it
is enough (in expectation) to schedule each job in the correct position
(i.e. first, second, etc.) regardless of machine. This allows us show
that the regret decreases in the number of machines.

THEOREM 1.2. There exists an algorithm for completion time
scheduling on parallel machines under bandit feedback with regret

o (%5 T log T). Moreover, this can be implemented using O(T +n%)

total work over all T periods.

Despite the regret decreasing in the number of machines, the
total work is independent of m, making additional machines a strict
benefit. This differs from other scheduling problems where the time
complexity of computing schedules generally grows with both n and
m (see e.g., [25]).

Lower Bound: Finally, we complement our upper bounds with a
lower bound for the single machine setting. Naively extending the
standard lower bound for multi-armed bandits to our setting yields a
Q(VnT) bound. With a careful construction specific to completion
time scheduling we are able to improve on this and show for the
single machine setting that the dependence on T in our upper bound
is optimal up to logarithmic terms.
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THEOREM 1.3. For any algorithm A for single machine comple-
tion time scheduling under bandit feedback, there exists an instance

I, such that the regret of A on instance 1 is Q (n\ﬁ)

This lower bound is information theoretic — it holds for all algo-
rithms regardless of their time complexity. Thus our upper bounds
show that we can get close to this lower bound in terms of regret
while performing only O(1) amortized work per period for large T.
We leave extending the lower bound to the parallel setting for future
work.

1.2 Related Work

Offline stochastic machine scheduling problems have been studied
since the 1980s [8]. Weiss [31, 32] examines the effectiveness of
the Weighted Shorted Expected Processing Time (WSEPT) rule
in stochastic machine scheduling and establishes asymptotically
optimal performance bounds for specific classes of processing time
distributions. More recently, Mohring et al. [24] and Skutella and
Uetz [28] devised approximation algorithms for several variants of
stochastic scheduling problems by combining WSEPT with linear
programming based approaches.

There is a rich literature for multi-armed bandits and online learn-
ing, Lattimore and Szepesvari [18], Cesa-Bianchi and Lugosi [4],
and Hazan [14] provide comprehensive introductions to the area.
Our problem can be framed as an instance of a linear or combina-
torial bandit [1, 3, 5, 7, 15, 17, 27, 33]. This results in a number of
arms exponential in n, which makes these approaches intractable
both computationally and statistically and leads to a per-period com-
plexity of Q(n). Our algorithms require only O(T + n*) total work
across all periods and have O(1) amortized per-period complexity.

More broadly, classical problems in stochastic optimization have
been studied in the online learning setting [6, 9, 11]. Most rele-
vant to us, Gatmiry et al. [10] present near-optimal regret bounds
of O(poly(n)VT logT) for the prophet inequality and Pandora’s
box problems in the bandit-feedback framework, along Q(VT) and
Q(VnT) lower bounds, respectively. We study the same form of
bandit-feedback tailored to scheduling, where the algorithm ob-
serves the total completion time but not individual job sizes, and
establish similar near-optimal regret bounds of O(poly(n)+/T logT)
and O(poly(n)+/TlogT/m) for the problem of minimizing total
completion time in the single and parallel machine settings, respec-
tively, along with a Q(nVT) lower bound. Agarwal, Ghuge, and
Nagarajan [2] work on the less-restricted semi-bandit model, where
in each round the algorithm additionally observes the samples of
random variables that are “probed” in that round, in addition to the
objective value. They give results for the Pandora’s box, prophet
inequality, and stochastic knapsack problems.

A recent stream of work introduces learning to scheduling prob-
lems. Merlis et al. [23] and Lee and Vojnovic [19] both study static
scheduling settings and show that preemption can be used to learn
about job characteristics. While we consider non-preemptive sched-
ules and never observe direct information about individual jobs, our
problem repeats over T periods, which creates similar opportunity
for learning. te Rietmole and Uetz [30] consider the problem of
minimizing total weighted completion time and ask what happens if
you see only a single sample from each of the job size distributions.
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We similarly limit the sampling of job sizes and observe only the
objective function as proxy for the underlying job size samples. Lin-
dermayr and Megow [20] study the same objective with additional
(potentially untrustworthy) predictions of the shortest remaining pro-
cessing time order. Rather than having the predicted order externally
provided, we estimate this ordering with increasing accuracy over
time by exploring carefully selected schedules.

2 Overview of Results
2.1 Single Machine Setting

We now give a brief overview of our results, starting with the upper
bound for completion time scheduling on a single machine with
bandit feedback. In order to motivate our algorithm, we use the
following characterization of an algorithm’s regret. To state this
properly, we let N(j,j’) == [{t € [T] | #*(j) < n*(j’)}| be the
number of times algorithm A puts job j before job j’.

LEMMA 2.1. For any algorithm A for completion time schedul-
ing with bandit feedback, we have

Regret(A,T) = > (g - py)BING, /).
JJ >y

This lemma follows from an observation due to Lindermayr and
Megow [20].

Let A(j, j') == pj — pj» denote the difference in the mean job
sizes of j, j’. We can interpret Lemma 2.1 as expressing the regret
as the sum over a collection of () two-armed bandit problems, one
for each pair of jobs j, j* € [n], each with an arm for each relative
ordering of j, j’. For each pair of jobs j, j’ in the summation, the
total regret incurred is A(j, j’), the regret of playing the bad arm
(inverting jobs j, j), times the expected number of times the bad
arm is played, N(j, j’).

One challenge is that we have to decide on a schedule collectively,
so we cannot necessarily solve a sequence of two-arm bandit prob-
lems. Instead our approach is based on updating estimates of A(j, j’)
for each pair j, j and then fixing the relative order of j and j’ once
we are confident in our estimate of A(j, j”). To this end we maintain
a confidence interval C(j, j/) around our estimate of A(j, j*). Once
the relative order of j and j’ is fixed our algorithm aims to select
schedules that are consistent with this relative ordering. Inconsisten-
cies may be introduced only when evaluating another pair of jobs
Jj, j"’, and we show that this can only happen for a limited number
of periods after the relationship between j and j’ is established. We
maintain a directed acyclic graph (DAG) G to store precedence rela-
tions and use topological orderings of G to choose schedules. More
formally, we define consistency of a schedule in the following way.

Definition 2.2. Given a DAG G = ([n],E) and a permutation
7 : [n] — [n], we say that x is consistent with G if and only if for
all pairs of jobs j, j” we have j — j/ € E = n(j) < n(j’).

See Algorithm 1 and Algorithm 2 for a formal description of our
algorithm, which can be implemented efficiently, as we state next.

LEMMA 2.3. Algorithm I can be implemented in at most O(T +
n*) total computational work over all T periods.

The key observation for bounding the time complexity is that the
potentially expensive operation of updating the schedule 7 to be
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Algorithm 1: O(poly(n) - VT) Regret Alg.

Data: Job count n, Time horizon T

Result: Sequence of schedules with O(n°VT) regret.
1 Procedure LearnToSchedule (n):
//Initialize graph keeping track of

learned information.

2 | G ([n]0)

Ue—{{ij}1ij elnlj#j}
//Initialize estimates.
s | YL/} eUAG ) =0
5 7 < any schedule

6 fort=1,2,...do

7 for {j,j’} € U do
8

9

A j"),C(j,j') + Update (m, j, ', €)
if 0 ¢ C(j,j’) then
10 Addedge j — j' to Gif A(j,j’) <0
1 Otherwise add the edge j” — jto G
12 Ue—U\{jj}
13 if G is acyclic then
14 L 7 < any schedule consistent with G
15 else
16 L 7 « any schedule

Algorithm 2: Update Procedure

Data: Schedule 7, Jobs j, j’, and phase ¢
Result: Updated estimate A, i) and CILC(j, j)

1 Procedure Update (7, j, j/, £):

WLOG say that 7(j) < 7(j’)

Let 7/ be x but with j and j” swapped

Use schedule x and let a be its cost

Use schedule 7’ and let b be its cost

k —n(j)—n(j)

7| A6 < (€= VARG + (@ b)/k) /e

s | C(j) « [Z(j,j’) iznz,/logT/f]
o | return A(j, '), C(j, )

= 7 I OV Y

consistent with the graph G only needs to be done when a new edge
is added to G, which happens at most O(n?) times.

Moving to the regret analysis, it suffices to bound the num-
ber of times the algorithm incorrectly orders each pair of jobs by
Lemma 2.1. This is accomplished by the following lemma.

LEMMA 2.4. For each pair j,j’ € [n] with pj > pj, we have
E[N(j.j")] = O (n®log(T)/(pj = ur)?)-

This essentially comes from the fact that we add edges to the graph
G when the corresponding confidence interval no longer contains
0. However, we have to be more careful as it is possible for our
algorithm to invert a pair of jobs j and j” even when the edge j — j’
is in G. Thus to bound E[N(}, j')] we have to account for these

Gerdus Benadé, Rathish Das, and Thomas Lavastida

later time steps where inversions may incur which involves carefully
considering triples of jobs j, j’, j’’ in a case analysis.

From here, Theorem 1.1 follows directly from Lemma 2.3 and
Lemma 2.4 via standard calculations.

2.2 Parallel Setting

Next, we sketch the challenges that arise in moving from the single
machine setting to the parallel setting and how we handle them. First,
our results for the single machine setting were heavily motivated
by the regret decomposition given in Lemma 2.1, which no longer
holds in the parallel setting. As a result, it is no longer possible to
bound the regret by bounding the number of times our algorithm
inverts some pair of jobs compared to the SEPT order 7*. Instead,
we carefully bound the regret of each schedule used in terms of the
confidence interval width, leading to the stated regret bound.

Second, our algorithm can no longer explore by simply swapping
the positions of any two jobs, as we did in Algorithm 1. Swapping
some pairs of jobs does not change the expected total completion
time of the resulting schedule, giving us no information about the cor-
responding pairwise difference. To account for this, we modify the
update step of the algorithm to ensure that it is still possible to learn
all the necessary pairwise differences between different jobs. With
some care, we are additionally able to do this in a computationally
efficient manner, leading to Theorem 1.2.

2.3 Lower Bound

To establish the lower bound, we define two instances such that it is
challenging for any algorithm to distinguish between them, leading
to high regret. At a high level, the optimal schedule for the first
instance follows the order 7*(j) = j for j € [n] but in the second
instance each job pair of the form j, j + 1 for odd j € [n] has their
order swapped in the optimal schedule. Each jobs’ size is Bernoulli
distributed with different parameters for the mean value such that
it is difficult for any algorithm to distinguish between these two
instances without incurring significant regret. This is quantified by
bounding the KL-divergence between the distributions induced by
the algorithm on each instance.

3 Conclusion and Future Work

In this paper we study bandit algorithms for scheduling to minimize
the total completion time under stochastic job sizes from an unknown
distribution in the parallel setting. Due to the combinatorial nature
of this problem, standard approaches from multi-armed bandits are
computationally infeasible, so we propose a highly computationally
efficient algorithm with an almost optimal regret bound.

There are several directions of study that are opened up by this
work. An immediate open problem is tightening the dependence of
the regret bounds on n. For completion time scheduling under bandit
feedback, it would be interesting to extend our results to the case
where each job j has a weight w; measuring its relative importance,
i.e., minimizing weighted total completion time. Finding bandit
algorithms with low regret for stochastic makespan minimization [12,
16] may be particularly interesting, since the non-linear nature of the
load balancing objective makes the problem challenging when you
can’t sample job sizes directly.
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