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Combinatorial multi-armed bandits provide a fundamental online decision-making environment where a

decision-maker interacts with an environment across 𝑇 time steps, each time selecting an action and learning

the cost of that action. The goal is to minimize regret, defined as the loss compared to the optimal fixed

action in hindsight under full-information. There has been substantial interest in leveraging what is known

about offline algorithm design in this online setting. Offline greedy and linear optimization algorithms (both

exact and approximate) have been shown to provide useful guarantees when deployed online. We investigate

local search methods, a broad class of algorithms used widely in both theory and practice, which have

thus far been under-explored in this context. We focus on problems where offline local search terminates

in an approximately optimal solution and give a generic method for converting such an offline algorithm

into an online stochastic combinatorial bandit algorithm with 𝑂 (log
3𝑇 ) (approximate) regret. In contrast,

existing offline-to-online frameworks yield regret (and approximate regret) which depend sub-linearly, but

polynomially on 𝑇 . We demonstrate the flexibility of our framework by applying it to three online stochastic

combinatorial optimization problems: scheduling to minimize total completion time, finding a minimum cost

base of a matroid and uncertain clustering.

CCS Concepts: • Theory of computation→ Online learning algorithms; Regret bounds; Sequential
decision making; Scheduling algorithms; Facility location and clustering.

Additional Key Words and Phrases: Online learning; bandit algorithms; offline-to-online frameworks; local

search

1 Introduction
Online learning is a cornerstone of modern algorithm design. The bandit setting, in which the

learner only receives cost feedback, epitomizes the trade-off between exploration and exploitation

[5, 6, 34]. Here, an algorithm makes a sequence of decisions 𝑥1, 𝑥2, . . . , 𝑥𝑇 over a series of𝑇 discrete

time periods. In response to each decision 𝑥𝑡 , the environment generates a cost 𝑐𝑡 (𝑥𝑡 ) (either
adversarially [6] or stochastically [5]), and the algorithm’s objective is to minimize its cumulative

cost across all 𝑇 periods. As feedback to improve future decisions, the algorithm observes each

cost 𝑐𝑡 (𝑥𝑡 ), which is known as bandit feedback. Notably, the algorithm does not observe what

the cost would have been if, instead, a different action was chosen at each period, necessitating a

trade-off between exploring the action space to find promising solutions and exploiting previously

discovered low-cost solutions. Regret measures the difference between the cumulative cost achieved

by an algorithm and that of the best fixed solution under full information. A common objective is

to construct algorithms with regret that is sub-linear in 𝑇 , i.e., 𝑜 (𝑇 ).
In the combinatorial bandit setting [4, 13, 15], the learner must additionally navigate an expo-

nentially large space of actions, rendering some approaches computationally infeasible. There is

substantial interest in developing general frameworks for designing online algorithms, especially

frameworks that convert offline algorithms (in either a black- or white-box fashion) into effective

bandit algorithms; see, for example, Dudík et al. [20], Kakade et al. [31], Kalai and Vempala [32],

Niazadeh et al. [41], and Agarwal et al. [1]. Such frameworks allow us to leverage the wealth of

knowledge about offline algorithms to construct online learning algorithms. Notable techniques
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Algorithm 1: Generic Local Search
Data: Feasible set X, neighborhood map N , cost function Cost, and parameter 𝛽 ∈ (0, 1)
Result: Approximate locally optimal solution

1 Procedure LocalSearch(X, N , Cost):
2 𝑥0 ← any feasible solution from X
3 𝑡 ← 0

4 while True do
5 𝑥𝑡+1 ← arg min𝑥 ′∈N(𝑥𝑡 ) Cost(𝑥 ′)
6 if Cost(𝑥𝑡+1) ≤ 𝛽 Cost(𝑥𝑡 ) then
7 𝑡 ← 𝑡 + 1 //Move to the next iteration

8 else
9 return 𝑥𝑡 //Approximate local optimum found

for designing offline algorithms that have proven to be successful in ‘offline-to-online’ frame-

works include greedy algorithms [23, 41, 42] and offline linear optimization in both exact [32]

and approximate [31, 32] settings. These all utilize sophisticated algorithm design and analysis

techniques to convert the offline algorithm to an effective bandit learning algorithm with regret (or

𝛾-regret [26, 31, 41]) which scales sub-linearly in 𝑇 , more specifically, with regret which scales as

𝑇 𝜌
for some 𝜌 ∈ (0, 1) (usually 𝜌 = 1/2 or 𝜌 = 2/3).
The focus of our paper is local search — another technique widely used in the design of offline

algorithms. A local search algorithm consists of three components: a set of feasible solutions X,
a neighborhood map N : X → 2

X
, and a cost function Cost : X → R. Starting from an initial

feasible solution 𝑥0 ∈ X, local search methods iteratively set 𝑥𝑡+1 = arg min𝑥 ′∈N(𝑥𝑡 ) Cost(𝑥 ′), for
𝑡 = 1, 2, . . . (for a minimization problem), continuing until a locally optimal solution, i.e., a solution

𝑥 ∈ X such that Cost(𝑥) ≤ Cost(𝑥 ′) for all 𝑥 ′ ∈ N (𝑥), is found. Often, to increase efficiency, a local

move is accepted only if it improves upon the current solution by a 𝛽-factor, for some 𝛽 ∈ (0, 1),
and we instead converge to an approximate locally optimal solution. This method is more formally

described in Algorithm 1. By setting 𝛽 sufficiently close to 1, the resulting local search method can

often be shown to converge in a polynomial number of iterations.

In practice, local search methods are appealing due to their ease of implementation, efficiency,

and ability to find good solutions quickly [7, 11, 39]. Theoretical approximation guarantees have

also been established for local search methods for a variety of problems [2, 3, 8, 12, 14, 25, 30].

Despite this widespread use in offline algorithm design, local search has been under-explored as

a framework for designing combinatorial bandit algorithms. In fact, as far as we are aware, the

connection between local search and bandit algorithms has been in the opposite direction — several

papers use multi-armed bandit algorithms to improve the performance of local search algorithms

in practical settings [33, 38, 50, 51]. Thus, the main question we study in this paper is:

Can we convert a good offline local search algorithm into an effective online bandit
learning algorithm? If so, what regret guarantees can be achieved using this framework?

1.1 Our Approach and Results
Our main contribution is the development of a general framework for converting an offline local

search algorithm to an online stochastic bandit algorithm. It requires that the local search neigh-

borhood must admit (𝛽,𝛾)-improving moves which, informally, means that the neighborhood of a

solution 𝑥 with Cost(𝑥) > 𝛾 Cost(𝑥∗), where 𝑥∗ is an optimal solution, must contain a solution 𝑥 ′

which is a 𝛽-factor improvement over 𝑥 , in other words, Cost(𝑥 ′) ≤ 𝛽 Cost(𝑥). In particular, it is
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straightforward to verify that any problem on which Algorithm 1 terminates in an approximately

optimal solution permits (𝛽,𝛾)-improving moves for appropriate choices of 𝛽 and 𝛾 . Our main

result is that local search algorithms with (𝛽,𝛾)-improving neighbourhoods can be used online to

guarantee 𝛾-regret with 𝑂 (log
3𝑇 ) dependence on 𝑇 .

Theorem 1.1 (Informal version of Theorem 3.1). Suppose a problem admits (𝛽,𝛾)-improving
moves. Then we can construct an algorithm for the stochastic online variant with bandit feedback with

𝑂
(
𝑀 ·𝐶max · poly(𝛽−1) · log

3𝑇
)
𝛾-regret after 𝑇 rounds,

where 𝐶max = max𝑥∈X,𝑧∈Z Cost(𝑥, 𝑧) is an upper bound on solution costs and𝑀 = max𝑥∈X |N (𝑥) |
is the largest neighborhood of a feasible solution.

We remark that𝑀 ,𝐶max, and 𝛽
−1

all can be bounded polynomially in problem specific parameters

for each of the applications we consider, and are thus independent of𝑇 . Note that 𝛽 may depend on𝛾 ,

so the regret boundmay deteriorate as we get closer to exact (𝛾 = 1) regret. Intuitively, more samples

are required to distinguish between solutions with objective function value OPT and 𝛾 · OPT. The

poly-logarithmic dependence on 𝑇 is perhaps most surprising. While direct comparisons between

offline-to-online frameworks is difficult, this is a substantially better dependence on 𝑇 than the

𝑂 (𝑇 2/3) 𝛾-regret guarantee obtained by Niazadeh et al. [41] via offline greedy algorithms, at the

cost of multiplicative factors that depend on the problem and local search neighborhood.

The resulting algorithm, in essence, attempts to mimic Algorithm 1 while handling the complica-

tions that sprout from the fact that only the stochastically realized cost of the solution submitted in

each period is observed. First, the cost of a solution must be estimated by sampling for several time

periods. The algorithm attempts to maintain, with high probability, a solution with expected cost

below a threshold, which decreases geometrically over time. Whenever the estimated cost of the

current solution exceeds this threshold, the solutions in its neighborhood is explored. Neighboring

solutions must be carefully sampled to ensure that even neighbors with very high costs do not

incur large regret, at the same time, we need enough samples to identify 𝛽-improving moves with

high probability whenever the current solution is not a 𝛾-approximation of the optimal solution.

This is done by using a successive-elimination style algorithm [21, 22] on the neighborhood. When

a 𝛽-improving move is found during exploration it becomes the new current solution. This process

repeats until time 𝑇 or a local optimum is found.

To round out our results, we apply our framework to the repeated online bandit feedback versions

of three problems: scheduling to minimize total completion time under stochastic job sizes, finding a

minimum cost base in a matroid under stochastic element costs, and uncertain 𝑘-median clustering.

Scheduling to Minimize Total Completion Time: When scheduling to minimize total completion

time, a feasible solution is a permutation 𝜋 of 𝑛 jobs which schedules job 𝑗 ∈ [𝑛] in position 𝜋 ( 𝑗).
In each time step the size 𝑃 𝑗 of each job 𝑗 is drawn from a distribution. Given job sizes 𝑃1, . . . , 𝑃𝑛 ,

the cost of solution 𝜋 is Cost(𝜋, 𝑃) = ∑𝑛
𝑗=1
(𝑛 − 𝜋 ( 𝑗) + 1)𝑃 𝑗 , the total makespan. We show the

neighborhood consisting of swapping a single pair of jobs is (1− 𝜖/𝑛2, 1+ 𝜖)-improving. As a result,

we have an algorithm for minimizing online total completion time with (1 + 𝜖)-regret in the order

of 𝑂
(
𝑛12

log
3𝑇 /𝜖4

)
.

Minimum Cost Base in a Matroid: For the problem of finding a minimum cost base for a matroid,

a feasible solution is a base, or maximal independent set, 𝐵. Given stochastic realizations of element

costs 𝑍 , the cost of base 𝐵 is Cost(𝐵) = ∑
𝑠∈𝐵 𝑍𝑠 . We show the neigborhood which consist of bases

constructed by adding an arbitrary element to the current solution and removing an element from

the resulting circuit is (1−𝜖/(2𝑟 ), 1+𝜖)-improving, where 𝑟 is the rank of the matroid. This implies

an online algorithm with (1 + 𝜖)-regret in the order of 𝑂
(
𝑛𝑟 6

log
3𝑇 /𝜖4

)
, where 𝑛 is the size of the
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ground set. A special case of this result establishes a similar regret bound for the problem of finding

minimum cost spanning trees in a graph.

Uncertain 𝑘-Median Clustering: In the uncertain 𝑘-median clustering problem the locations of 𝑛

points are sampled in a metric space with diameter 1 and the task is to select 𝑘 cluster centers from

a set of𝑚 potential centers to minimize the cost, defined as the sum of distances from each point to

its closest cluster center. We use a local search algorithm analysed by Arya et al. [3] and Cormode

and McGregor [16] to show the single swap neighbourhood is (1 − 1/𝑛2, 5(1 − 1/𝑛))-improving,

implying 5(1 − 1/𝑛))-regret which is 𝑂
(
𝑛9𝑚2

log
3𝑇

)
.

1.2 Additional Related Work
As discussed above, we study a combinatorial bandit setting [4, 13, 15], and our work is closest

to other ‘offline-to-online’ frameworks including Kalai and Vempala [32] and Dudík et al. [20],

where it is assumed that the offline version of the problem can be easily solved, and Niazadeh et al.

[41], which considers problems with robust greedy approximation algorithms satisfying a property

called Blackwell reducibility. We also highlight the recent work of Agarwal et al. [1] which gives a

general framework for online learning in monotone stochastic optimization problems achieving

𝑂 (
√︁
𝑇 log𝑇 ) regret against the best approximation algorithm for the offline problem under known

distributions. Notably, their results hold in the semi-bandit setting in which the algorithm observes

realizations of some (but not all) of the underlying random variables in addition to the realized

cost. Our results hold for the pure bandit setting where only the cost information is observed. Next,

we briefly touch on other related topics.

Logarithmic Regret in Online Learning: Due to the existence of strong lower bounds in many

online learning settings [5, 34], it is typically necessary to make additional assumptions concerning

the environment, or relax the benchmark, in order to achieve regret bounds improving beyond

the typical 𝑂 (𝑇 𝜌 ) for some 𝜌 ∈ (0, 1). For example, in online convex optimization, logarithmic

regret is achievable if the sequence of convex functions satisfies strong convexity [29, 44]. Simi-

larly, logarithmic regret may be possible if certain problem-dependent parameters are bounded

appropriately. For example, Xu and Wang [48] achieve logarithmic regret in feature-based dynamic

pricing whenever the minimum eigenvalue of a problem-dependent matrix is bounded from below,

and Vera et al. [46] achieve logarithmic regret for contextual bandits with knapsacks whenever the

weight of an item is bounded from below.

In contrast to assuming additional structure, we give poly-logarithmic regret guarantees against

a relaxed benchmark, so-called 𝛾-regret. Our bound is not problem-dependent, and holds for a wide

class of instances as long as the local search neighborhood admits (𝛽,𝛾)-improving moves. For

settings where the corresponding offline problem is NP-hard, it is necessary to allow a multiplicative

approximation factor. our result is especially interesting in this context, since we achieve 𝛾-regret

that scales as 𝑂 (log
3𝑇 ) while prior frameworks including those due to Kakade et al. [31] and

Niazadeh et al. [41] have 𝛾-regret which scales as 𝑇 2/3
.

Efficient Bandit Algorithms: The exploration strategies specified by many standard approaches to

bandit problems can be computationally intractable for large action spaces [35]. As a result, there is

significant interest in developing algorithms with more efficient implementations [17, 40, 42, 47, 49].

Since our algorithm is based on local search and performs exploration locally, it naturally lends

itself to a computationally efficient implementation.
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1.3 Roadmap
We organize the rest of this paper as follows. Section 2 formally sets up our model and recalls

preliminary results we need for our analysis. Then we describe our ‘offline-to-online’ algorithm

utilizing local search and provide a high-level overview of its analysis in Section 3. Following this,

Section 4 demonstrates the applicability of our framework on the problems we discussed above.

Section 5 concludes the paper and discusses potential directions for future work.

2 Preliminaries
We now formally define the general problem setting we consider — stochastic combinatorial bandits

with local search. First, each instance is associated with a set X of feasible solutions
1
and for

each 𝑥 ∈ X there is a random non-negative cost associated with it. We model the randomness

as a collection of latent variables taking values in some spaceZ, for which there is an unknown

distribution D ∈ Δ(Z) over the possible values the latent variables can take. Thus we can model

the cost as a function Cost : X × Z → R+, which induces a distribution on the realized cost

for a fixed 𝑥 ∈ X as Cost(𝑥, 𝑍 ), where 𝑍 ∼ D. To streamline our notation, we let Cost(𝑥) :=

E𝑍∼D [Cost(𝑥, 𝑍 )] be the expected cost of playing 𝑥 ∈ X and set OPT := min𝑥∈X Cost(𝑥) to be the
minimum expected cost of any feasible solution.

In the online bandit setting, we consider making a sequence of decisions {𝑥𝑡 }𝑇𝑡=1
, where each

𝑥𝑡 ∈ X, in order to optimize an objective over a time horizon of 𝑇 periods in the presence of bandit

(cost) feedback. An algorithm (or policy)A is a sequence of maps {A𝑡 : H𝑡−1 → X}𝑇𝑡=1
which each

takes the observed history𝐻 𝑡−1
up to period 𝑡 −1 and returns a new solution 𝑥𝑡 to be used in period

𝑡 2
. In the bandit setting, a history up to period 𝑡 is a sequence {𝑋𝑠 , 𝑌𝑠 }𝑡𝑠=1

, where 𝑌𝑠 = Cost(𝑋𝑠 , 𝑍𝑠 )
is the observed random cost at step 𝑠 for some independent sample 𝑍𝑠 ∼ D. Notice {𝑍𝑠 }𝑇𝑠=1

, the

realizations of randomness that underlying the cost or reward, is unobserved. Formally, histories

are random variables over (X × R+)𝑡 . We letH 𝑡 = (X × R+)𝑡 be the set of all length 𝑡 sequences
over solution-cost pairs. For simplicity, we let A1 be a constant function since no history has been

observed at period 1. Our main interest is giving algorithms with low 𝛾-regret, which measures the

difference in cumulative expected cost between the algorithm and using a 𝛾-approximate solution

for all 𝑇 periods, which we can now define formally.

Definition 2.1 (𝛾-Regret). For an algorithm A, latent distribution D, time horizon 𝑇 , and 𝛾 ≥ 1,

we define

Regret𝛾 (A,D,𝑇 ) :=

𝑇∑︁
𝑡=1

E [Cost(𝑋𝑡 , 𝑍𝑡 )] − 𝛾 ·𝑇 · OPT (1)

to be the 𝑇 -period 𝛾-regret of algorithm A on distribution D, where the expectation is taken with

respect to the independent samples (𝑍1, 𝑍2, . . . , 𝑍𝑇 ) ∼ D𝑇
and any internal randomness utilized by

A. We say that algorithmA has 𝛾-regret 𝑅(𝑇 ) if for all distributions D, Regret𝛾 (A,D,𝑇 ) ≤ 𝑅(𝑇 ).

We remark that if 𝛾 = 1, then we recover the standard definition of regret used in stochastic

multi-armed bandits. As discussed in Section 1.1, our goal is to find algorithms with 𝛾-regret whose

dependence on 𝑇 is not just 𝑜 (𝑇 ) but is 𝑂 (poly(log𝑇 )), which is 𝑜 (𝑇 𝜌 ) for any 𝜌 ∈ (0, 1).
Local search will allow us to avoid some of the difficulties that arise with exploring the large

action spaces that can arise in stochastic combinatorial bandit problems. For a feasible solution space

X, let N : X → 2
X
be its neighborhood map so that for each 𝑥 ∈ X, N(𝑥) is a set of neighboring

1
We aremainly interested in the case where X is finite (but potentially large), so minimizing a function over X is well-defined.

2
We focus on deterministic algorithms. We can extend to randomized algorithms by letting𝐴𝑡 be a map to Δ(X) and taking
an additional expectation over the realized distribution of actions.



6 Gerdus Benadè, Rathish Das, and Thomas Lavastida

solutions to 𝑥 . We assume that 𝑀 := max𝑥∈X |N (𝑥) | is a priori known to the algorithm, which

holds in all the examples we consider. The key property of a neighborhood map that we require to

achieve strong 𝛾-regret bounds is that any solution which has expected cost worse than 𝛾OPT has

a neighboring solution which has multiplicative improvement to its cost.

Definition 2.2 ((𝛽,𝛾)-improving moves). Consider the problem specified by feasible set X, neigh-
borhood map N , and expected cost function Cost : X → R+ as defined above. We say the problem

admits (𝛽,𝛾)-improving moves if, for any 𝑥 ∈ X with Cost(𝑥) > 𝛾OPT, there exists 𝑥 ′ ∈ N (𝑥)
with Cost(𝑥 ′) ≤ 𝛽 Cost(𝑥).

The parameters 𝛽 and 𝛾 can depend on the structure of the problem (e.g., the number of jobs

in completion time scheduling) and 𝛽 can depend on 𝛾 (e.g., if 𝛾 = 1 + 𝜖 , then 𝛽 can depend on

𝜖). A priori, it is perhaps unclear how to establish whether a problem permits (𝛽,𝛾)-improving

moves. Fortunately, there is a straightforward correspondence showing that all problems where

Algorithm 1 terminates in an approximate solution must permit (𝛽,𝛾)-improving moves.

Observation 1. Given instance (X,N ,Cost), whenever Algorithm 1 is guaranteed to terminate in
a 𝛾-approximation for some choice of 𝛽 , then (X,N ,Cost) permits (𝛽,𝛾)-improving moves.

Proof. We proceed by contradiction. Suppose that Algorithm 1 with parameter 𝛽 terminates in

a 𝛾-approximation on a problem defined by (X,N ,Cost), but the problem does not permit (𝛽,𝛾)
improving moves. Then there exists solution 𝑥 ∈ X such that Cost(𝑥) > 𝛾OPT and Cost(𝑥 ′) >
𝛽 Cost(𝑥) for all 𝑥 ′ ∈ N (𝑥). However, when using 𝑥 as the starting 𝑥0 in Algorithm 1, the algorithm

converges in some solution 𝑥◦ withCost(𝑥◦) ≤ 𝛾OPT. Now either 𝑥 = 𝑥◦, or the algorithm proceeds

to a subsequent solution which yields a 𝛽-factor improvement en route to 𝑥◦. In either case, this

contradicts (X,N ,Cost) not permitting (𝛽,𝛾)-improving moves. □

Finally, we require the following version of the Chernoff bounds, see, e.g., [19] for a reference.

Theorem 2.3. Suppose that 𝑋1, 𝑋2, . . . , 𝑋𝑁 are independent random variables in the interval [0, 1].
Let 𝜇 = 1

𝑁

∑
𝑖 E[𝑋𝑖 ] and 𝑋 = 1

𝑁

∑
𝑠 𝑋𝑠 , then for all 𝛿 ∈ (0, 1) and any 𝜇𝐻 , 𝜇𝐿 such that 𝜇 ∈ [𝜇𝐿, 𝜇𝐻 ]

we have:

Pr

[
𝑋 > (1 + 𝛿)𝜇𝐻

]
≤ exp

(
−𝛿

2𝑁𝜇𝐻

3

)
and Pr

[
𝑋 < (1 − 𝛿)𝜇𝐿

]
≤ exp

(
−𝛿

2𝑁𝜇𝐿

3

)
.

3 Stochastic Combinatorial Bandits from Offline Local Search
Our algorithm is formally described in Algorithms 2 and 3. The algorithm operates in a sequence

of phases ℓ = 1, 2, . . . which are managed by the “for” loop in Algorithm 2. Each phase keeps track

of a solution 𝑥ℓ and a cost threshold 𝜃ℓ := 𝛼 ℓ−1𝐶max = 𝛽 (ℓ−1)/2𝐶max. The invariant which, due to

stochasticity, we wish to maintain with high probability is that Cost(𝑥ℓ ) ≤ 𝜃ℓ . Thus, assuming

Cost(𝑥ℓ ) ≤ 𝜃ℓ , in phase ℓ we wish to either determine that Cost(𝑥ℓ ) ≤ 𝛼𝜃ℓ = 𝜃ℓ+1, find some

𝑥 ′ ∈ N (𝑥ℓ ) with Cost(𝑥 ′) ≤ 𝛼 Cost(𝑥ℓ ) ≤ 𝛼𝜃ℓ = 𝜃ℓ+1, or determine that no such 𝑥 ′ exists. In the

first case we may set 𝑥ℓ+1 = 𝑥ℓ to maintain the invariant, while in the second we may set 𝑥ℓ+1 = 𝑥 ′

to maintain the invariant. In the last case, we will use the fact thatN satisfies Definition 2.2 and no

𝑥 ′ was found to conclude that Cost(𝑥ℓ ) ≤ 𝛾OPT, and thus we use the current solution 𝑥ℓ for all

remaining periods.

To achieve this, Algorithm 2 first uses solution 𝑥ℓ for 𝑁ℓ time steps to get a rough estimate of

its cost, then compares it to a threshold. The threshold is set so that if Cost(𝑥ℓ ) ≤ 𝛼2𝜃ℓ then the

estimated cost is highly likely to be smaller than the threshold. As discussed above, we then move

to phase ℓ + 1 with 𝑥ℓ+1 = 𝑥ℓ . If instead, the estimated cost is larger than the threshold, we run the

subroutine in Algorithm 3which explores the neighborhood of 𝑥ℓ . This subroutine returns a solution
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𝑥New, which is either some 𝑥 ′ ∈ N (𝑥) or 𝑥ℓ . If 𝑥New is some 𝑥 ′ ∈ N (𝑥), then we set 𝑥ℓ+1 = 𝑥New and

move to phase ℓ + 1. Critically, we will show that with high probability Cost(𝑥New) ≤ 𝛼𝜃ℓ = 𝜃ℓ+1 to
maintain the invariant in this case. Finally if 𝑥New = 𝑥ℓ , this indicates that nothing significantly

better was found and so we break out of the “for” loop over phase ℓ , setting 𝑥Last = 𝑥ℓ and using 𝑥Last
until period 𝑇 since, by Definition 2.2, 𝑥Last will satisfy Cost(𝑥Last) ≤ 𝛾OPT with high probability.

As discussed, we want Algorithm 3 to either find a neighboring solution which improves upon

𝑥ℓ by at least an 𝛼-factor or indicate that no such improvement exists in N(𝑥ℓ ), and for this to

hold with high probability. It is thus inevitable that a significant number of time steps are spent

exploring the neighbourhood of 𝑥ℓ . Doing so without incurring high regret requires some care.

A first attempt might involve sampling each neighboring solution 𝑁ℓ times, as we did for 𝑥ℓ in

Algorithm 2, and comparing to an appropriate threshold. This may potentially incur linear regret in

later phases when a neighboring solution could be significantly worse than the current solution 𝑥ℓ .

To avoid this, we sample neighboring solutions cautiously over a series of “sub-phases” of increasing

length (Algorithm 3, line 4), where we progressively increase the amount of sampling only while

the neighbouring solution has the potential to improve over 𝑥ℓ . As a result, poor neighbours are

eliminated in early subphases, reminiscent of the successive-elimination algorithm for stochastic

multi-armed bandits [21], and sampled geometrically fewer times than the best solutions (and 𝑥ℓ ).

Let ALocal denote the algorithm described by Algorithms 2 and 3. Our main result is that the

regret of ALocal scales poly-logarithmically with 𝑇 as long as the underlying problem admits

(𝛽,𝛾)-improving moves.

Theorem 3.1. Suppose that X,N , and the cost function Cost(·) = E𝑧∼D [Cost(·, 𝑧)] induced byD
admit (𝛽,𝛾)-improving moves. Then for all distributions D and all sufficiently large 𝑇 , we have

Regret𝛾 (ALocal,D,𝑇 ) = 𝑂
(
𝑀𝐶max log

2𝑇

𝛿2𝛼2
log

2 1

𝛼

(log𝑇 + log𝑀)
)
,

where ALocal is given by Algorithms 2 and 3, 𝛼 =
√︁
𝛽 , 𝐶max = max𝑥∈X,𝑧∈Z Cost(𝑥, 𝑧), and 𝛿 = 1−𝛼

1+𝛼 .

3.1 Analysis
We now perform the analysis which will yield Theorem 3.1. First, we encapsulate our applications

of concentration inequalities into the following lemma which we will apply several times.

Lemma 3.2. Fix a solution 𝑥 ∈ X and let 𝑧1, 𝑧2, . . . , 𝑧𝑁 be 𝑁 := 3𝐶max (4 log𝑇 + log𝑀)/(𝛿2𝛼2𝜃 )
independent samples from D, where ℓ, 𝑀 ∈ N, 𝜃 > 0, 𝛼 ∈ (0, 1), and 𝛿 = 1−𝛼

1+𝛼 ∈ (0, 1). Let�Cost(𝑥) = 1

𝑁

∑𝑁
𝑠=1

Cost(𝑥, 𝑧𝑠 ). Then

(a) Cost(𝑥) ≤ 𝛼2𝜃 =⇒ Pr𝑧1,𝑧2,...,𝑧𝑁 ∼D𝑁

[�Cost(𝑥) > 2𝛼2

1+𝛼 𝜃
]
≤ 𝑀−1𝑇 −4, and

(b) Cost(𝑥) ≥ 𝛼𝜃 =⇒ Pr𝑧1,𝑧2,...,𝑧𝑁 ∼D𝑁

[�Cost(𝑥) ≤ 2𝛼2

1+𝛼 𝜃
]
≤ 𝑀−1𝑇 −4.

Proof. For brevity, we write Pr[·] := Pr𝑧1,𝑧2,...,𝑧𝑁 ∼D𝑁 [·]. Setting 𝑋𝑠 = Cost(𝑥, 𝑧𝑠 )/𝐶max for all

𝑠 ∈ [𝑁 ], we have that𝑋𝑠 ∈ [0, 1] andE[𝑋𝑠 ] = Cost(𝑥)/𝐶max. Observe that
2𝛼2

1+𝛼 = (1+𝛿)𝛼2 = (1−𝛿)𝛼
for our choice of 𝛿 . For part (a), when Cost(𝑥) ≤ 𝛼2𝜃 , observe that

Pr

[�Cost(𝑥) > 2𝛼2

1 + 𝛼 𝜃
]
= Pr

[�Cost(𝑥)
𝐶max

> (1 + 𝛿) 𝛼
2𝜃

𝐶max

]
= Pr

[
1

𝑁

𝑁∑︁
𝑠=1

𝑋𝑠 > (1 + 𝛿)
𝛼2𝜃

𝐶max

]
.
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Algorithm 2: Local Search for Stochastic Combinatorial Bandits

Data: Feasible set X, Max cost 𝐶max,𝑀 = sup𝑥∈X |N (𝑥) |, and Parameters 𝛽 , 𝛾 from

Definition 2.2

Result: Sequence of solutions with 𝑂 (log
3𝑇 ) 𝛾-regret

1 Procedure BanditLocalSearch(X, 𝐶max, 𝛽 , 𝛾):
2 𝑥1 ← any solution in X
3 𝛼 ←

√︁
𝛽

4 𝛿 ← (1 − 𝛼)/(1 + 𝛼)
5 𝜃1 ← 𝐶max

6 for phase ℓ = 1, 2, . . . do
//Test the solution 𝑥ℓ for the current phase ℓ

7 𝑁ℓ ← 3𝐶max (4 log𝑇 + log𝑀) /
(
𝛿2𝛼2𝜃ℓ

)
8 Use solution 𝑥ℓ for 𝑁ℓ periods

9 �Cost(𝑥ℓ ) ← average cost of using 𝑥 in these periods

10 if �Cost(𝑥ℓ ) > (
2𝛼2

1+𝛼

)
𝜃ℓ then

11 𝑥New ← TestNeighborhood(𝑥ℓ , ℓ , N)

12 if 𝑥New = 𝑥ℓ then
//𝑥ℓ is locally optimal with high probability

13 𝑥Last ← 𝑥ℓ

14 break
15 else

//𝑥New is better than 𝑥ℓ with high probability

16 𝑥ℓ+1 ← 𝑥New

17 else
18 𝑥ℓ+1 ← 𝑥ℓ

19 𝜃ℓ+1 ← 𝛼𝜃ℓ

20 Use solution 𝑥Last until period 𝑇

Since 𝑋𝑠 ∈ [0, 1] and E[𝑋𝑠 ] ≤ 𝛼2𝜃/𝐶max, we may bound the right hand side using Theorem 2.3 as

Pr

[
1

𝑁

𝑁∑︁
𝑠=1

𝑋𝑠 > (1 + 𝛿)
𝛼2𝜃

𝐶max

]
≤ exp

(
−𝛿

2𝑁𝛼2𝜃

3𝐶max

)
= 𝑀−1𝑇 −4,

where the right hand side follows from our choice of 𝑁 .

For part (b), when Cost(𝑥) ≥ 𝛼𝜃 , it follows that

Pr

[�Cost(𝑥) ≤ 2𝛼2

1 + 𝛼 𝜃
]
= Pr

[�Cost(𝑥)
𝐶max

≤ (1 − 𝛿) 𝛼𝜃
𝐶max

]
= Pr

[
1

𝑁

𝑁∑︁
𝑠=1

𝑋𝑠 ≤ (1 − 𝛿)
𝛼𝜃

𝐶max

]
.

Again, since 𝑋𝑠 ∈ [0, 1] and E[𝑋𝑠 ] ≥ 𝛼𝜃/𝐶max, we bound the right hand side using Theorem 2.3 as

Pr

[
1

𝑁

𝑁∑︁
𝑠=1

𝑋𝑠 ≤ (1 − 𝛿)
𝛼𝜃

𝐶max

]
≤ exp

(
−𝛿

2𝑁𝛼𝜃

3𝐶max

)
≤ 𝑀−1𝑇 −4,

where the right hand side follows from our choice of 𝑁 and 𝛼 ≤ 1. This completes the proof. □
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Algorithm 3: Neighboring Solution Tester

Data: Current solution 𝑥ℓ , Phase number ℓ , Neighborhood N
Result: Some solution 𝑥 ′ ∈ N (𝑥ℓ ) or 𝑥ℓ

1 Procedure TestNeighborhood(𝑥ℓ , ℓ , N):
2 for 𝑥 ′ ∈ N (𝑥ℓ ) do

//Test the solution 𝑥 ′

3 Better← True
4 for sub-phase ℓ ′ = 1, 2, . . . , ℓ do
5 𝑁ℓ ′ ← 3𝐶max (4 log𝑇 + log𝑀) /

(
𝛿2𝛼2𝜃ℓ ′

)
6 Use solution 𝑥 ′ for 𝑁ℓ ′ periods

7 �Cost(𝑥 ′) ← average cost of using 𝑥 ′ in these periods

//If 𝑥 ′ is not significantly better than 𝑥, move on from 𝑥 ′

8 if �Cost(𝑥 ′) > (
2𝛼2

1+𝛼

)
𝜃ℓ ′ then

9 Better← False
10 break

//If 𝑥 ′ passes all tests, update 𝑥ℓ+1 to be 𝑥 ′

11 if Better = True then
12 return 𝑥 ′

//Nothing significantly better found

13 return 𝑥ℓ

3.1.1 Handling Bad Events. Let 𝐿 be the index of the (random) last phase that is encountered in

Algorithm 2. To bound the overall regret, we will bound the total regret in phases with index ℓ < 𝐿

and also show that the regret in the last phase 𝐿 is negligible. Before we can do that, we need to

define an appropriate sequence of “bad events” which are exceedingly unlikely, for which will be

able to bound the regret when conditioning on their negation, as is standard.

Definition 3.3. For each phase ℓ , letMℓ be the event that Algorithm 2 makes it to phase ℓ and let

Cℓ be the event that Cost(𝑥ℓ ) > 𝜃ℓ . Then we define the bad event in phase ℓ as Bℓ :=Mℓ ∧ Cℓ and
Gℓ = ¬Bℓ .

We will show that these events are unlikely. Intuitively, this will follow inductively by assuming

that Bℓ is unlikely, and then we can use the definition of our algorithm to bound Pr[Bℓ+1 | Gℓ ]
and show that Bℓ+1 is unlikely via a standard decomposition. The key step involves bounding

Pr[Bℓ+1 | Gℓ ].

Lemma 3.4. For each ℓ , we have Pr[Bℓ+1 | Gℓ ] ≤ 𝑇 −3

Proving this lemma requires careful analysis of the TestNeighborhood subroutine (Algorithm 3),

which we postpone momentarily. For now, we show Lemma 3.4 implies a bound on Pr[Bℓ ].

Corollary 3.5. For each ℓ , we have Pr[Bℓ ] ≤ ℓ𝑇 −3.

Proof. We proceed by induction on ℓ . For the base case when ℓ = 1, we have that Cost(𝑥1) ≤
𝐶max ≤ 𝜃1, and so Pr[B1] = 0 ≤ 𝑇 −3

, proving the base case.
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Inductively, we assume that Pr[Bℓ ] ≤ ℓ𝑇 −3
and aim to bound Pr[Bℓ+1]. By the law of total

probability we have

Pr[Bℓ+1] = Pr[Bℓ+1 | Bℓ ] Pr[Bℓ ] + Pr[Bℓ+1 | Gℓ ] Pr[Gℓ ]
≤ Pr[Bℓ ] + Pr[Bℓ+1 | Gℓ ]
≤ ℓ𝑇 −3 +𝑇 −3 = (ℓ + 1)𝑇 −3

completing the proof of the inductive case and giving the corollary. □

3.1.2 Analysis of the TestNeighborhood Subroutine. We now turn to analyzing Algorithm 3.

Consider a phase ℓ of Algorithm 2 in which Algorithm 3 is called on solution 𝑥ℓ and fix an iteration

of the outer ‘for’ loop in Algorithm 3 in which solution 𝑥 ′ ∈ N (𝑥ℓ ) is considered. We call each

iteration of the inner ‘for’ loop in Algorithm 3 a sub-phase, of which there are at most ℓ for each

neighboring solution 𝑥 ′ ∈ N (𝑥). Ideally, if Cost(𝑥 ′) > 𝛼𝜃ℓ , then we do not make it past sub-phase

ℓ when considering solution 𝑥 ′ (and actually, we need to be slightly more careful than this). The

tools we develop here are needed to bound the regret incurred by using each neighboring solution

𝑥 ′ across each sub-phase. To start, we introduce the following definitions.

Definition 3.6. For each 𝑥 ′ ∈ N (𝑥), we say that 𝑥 ′ is a bad neighbor of 𝑥 if Cost(𝑥 ′) ≥ 𝛼𝜃ℓ .

Additionally, letN𝐵 (𝑥) ⊆ N (𝑥) be the set of bad neighbors of 𝑥 and let ℓ ′ (𝑥 ′) ∈ [ℓ] be the sub-phase
index such that Cost(𝑥 ′) ∈ [𝛼𝜃ℓ ′ (𝑥 ′ ) , 𝜃ℓ ′ (𝑥 ′ ) ] for each 𝑥 ′ ∈ N𝐵 (𝑥).

Definition 3.7. Let B′ℓ be the event that in phase ℓ some bad neighbor 𝑥 ′ ∈ N𝐵 (𝑥ℓ ) makes it past

sub-phase ℓ ′ (𝑥 ′) when Algorithm 3 is called.

Note that if any bad neighbor 𝑥 ′ makes it past sub-phase ℓ , then Algorithm 3 returns 𝑥 ′. Further,
if any bad neighbor 𝑥 ′ makes it past sub-phase ℓ ′ (𝑥 ′), then we may incur too much regret from

testing 𝑥 ′ in later sub-phases since Cost(𝑥 ′) ≥ 𝛼𝜃ℓ ′ (𝑥 ′ ) . We show that B′ℓ is unlikely, and conclude

that bad neighbors are highly likely to be removed from contention early enough to avoid incurring

high regret.

Lemma 3.8. Pr[B′ℓ ] ≤ 𝑇 −4.

Proof. In the case that Algorithm 3 is not called in phase ℓ , then the probability is at most 0

since B′ℓ cannot happen. Formalizing this, let Tℓ be the event that Algorithm 3 is called in phase

ℓ , then we have Pr[B′ℓ | ¬Tℓ ] = 0. In the other case where Algorithm 3 is called in phase ℓ , then

we need to show that it is unlikely for any bad neighbor 𝑥 ′ to make it past sub-phase ℓ ′ (𝑥 ′). To
this end, fix a bad neighbor 𝑥 ′. If 𝑥 ′ doesn’t make it to sub-phase ℓ ′ (𝑥 ′) ≤ ℓ , then it clearly doesn’t

make it past sub-phase ℓ . Thus in order for event B′ℓ to happen due to 𝑥 ′, we must have that 𝑥 ′

makes it to sub-phase ℓ ′ (𝑥 ′) and makes it past this sub-phase. Now, 𝑥 ′ only makes it past sub-phase

ℓ ′ (𝑥 ′) when �Cost(𝑥 ′) ≤ (2𝛼2/(1 + 𝛼))𝜃ℓ ′ (𝑥 ′ ) , where �Cost(𝑥 ′) is the average of 𝑁ℓ ′ (𝑥 ′ ) independent
samples with distribution Cost(𝑥 ′, 𝑍 ), where 𝑍 ∼ D. By part(b) of Lemma 3.2, the probability of

this is at most𝑀−1𝑇 −4
. It follows that

Pr[B′ℓ | Tℓ ] ≤ Pr


⋃

𝑥 ′∈N𝐵 (𝑥 )

(�Cost(𝑥 ′) ≤ 2𝛼2

1 + 𝛼 𝜃ℓ
′ (𝑥 ′ )

)
≤

∑︁
𝑥 ′∈N𝐵 (𝑥 )

Pr

[�Cost(𝑥 ′) ≤ 2𝛼2

1 + 𝛼 𝜃ℓ
′ (𝑥 ′ )

]
≤ 𝑇 −4

Finally, observe that

Pr[B′ℓ ] = Pr[B′ℓ | Tℓ ] Pr[Tℓ ] + Pr[B′ℓ | ¬Tℓ ] Pr[¬Tℓ ] ≤ 𝑇 −4 (Pr[Tℓ ] + Pr[¬Tℓ ]) = 𝑇 −4
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which completes the proof. □

Lemma 3.8 establishes that Algorithm 3 filters out bad neighboring solutions with high probability.

In order to prove Lemma 3.4, we also need to show that good neighboring solutions are unlikely

to be filtered out. More specifically, there are three situations to consider (all under the condition

that Cost(𝑥ℓ ) ≤ 𝜃ℓ ): (1) every solution in N(𝑥ℓ ) is a bad neighbor, (2) some solution 𝑥 ′ ∈ N (𝑥ℓ )
satisfies Cost(𝑥 ′) ≤ 𝛼2𝜃ℓ , and (3) not all neighboring solutions are bad, but all solutions that are

not bad have Cost(𝑥 ′) ∈ [𝛼2𝜃ℓ , 𝛼𝜃ℓ ].
In situation (1), it is a simple corollary of Lemma 3.8 that Algorithm 3 will output 𝑥ℓ with high

probability, indicating that we did not find an improved solution (and therefore Cost(𝑥ℓ ) ≤ 𝛾OPT).

In situation (2), where there is a neighboring solution 𝑥 ′ with Cost(𝑥 ′) ≤ 𝛼2𝜃ℓ , it is possible that

Algorithm 3 considers and returns a different neighboring solution 𝑥 ′′ with Cost(𝑥 ′′) ∈ [𝛼2𝜃ℓ , 𝛼𝜃ℓ ]
(again it is unlikely to return a bad neighbor due to Lemma 3.8). However, if 𝑥 ′ is ever considered
it will survive past sub-phase ℓ with high probability (Lemmas 3.2 and 3.8) and thus be returned

by Algorithm 3. Either outcome is acceptable and guarantees at least an 𝛼-factor improvement.

In situation (3), Algorithm 3 may output 𝑥ℓ , indicating no improved solution. This follows since,

under the event that Cost(𝑥ℓ ) ≤ 𝜃ℓ , each neighboring solution has Cost(𝑥 ′) ≥ 𝛼𝜃ℓ ≥ 𝛽 Cost(𝑥ℓ ),
which by the (𝛽,𝛾)-improving moves condition implies that Cost(𝑥ℓ ) ≤ 𝛾OPT. It is also acceptable

for Algorithm 3 to output a solution with cost in the interval [𝛼2𝜃ℓ , 𝛼𝜃ℓ ], since that guarantees an
𝛼-factor improvement. The following lemma formalizes this.

Lemma 3.9. Suppose that Algorithm 3 is run in phase ℓ with solution 𝑥ℓ and let 𝑥New be the random
solution which it outputs. Define the events Fℓ,1, Fℓ,2, Fℓ,3 as follows:
• Fℓ,1 = {N𝐵 (𝑥ℓ ) = N(𝑥ℓ )} (all neighbors of 𝑥ℓ are bad)
• Fℓ,2 = {∃𝑥 ′ ∈ N (𝑥ℓ ),Cost(𝑥 ′) ≤ 𝛼2𝜃ℓ } (there is a neighbor with a 𝛽 = 𝛼2-factor decrease)
• Fℓ,3 = {∀𝑥 ′ ∈ N (𝑥ℓ ) \N𝐵 (𝑥ℓ ) ≠ ∅,Cost(𝑥 ′) ∈ [𝛼2𝜃ℓ , 𝛼𝜃ℓ ]} (no neighbor has an 𝛽 = 𝛼2-factor
decrease, but there is one with an 𝛼-factor decrease).

Then
(a) Pr[𝑥New ≠ 𝑥ℓ | ∧Fℓ,1] ≤ 𝑇 −4

(b) Pr[Cost(𝑥New) > 𝛼𝜃ℓ | Fℓ,2] ≤ (ℓ + 1)𝑇 −4

(c) Pr[(Cost(𝑥New) > 𝛼𝜃ℓ ) ∧ (𝑥New ≠ 𝑥ℓ ) | Fℓ,3] ≤ 𝑇 −4

Proof. Part (a): Conditioned on Fℓ,1, the only way that 𝑥New ≠ 𝑥ℓ is if a bad neighboring solution

makes it past sub-phase ℓ . This implies that event B′ℓ occurs, and it follows by Lemma 3.8 that

Pr[𝑥New ≠ 𝑥ℓ | Fℓ,1] ≤ Pr[B′ℓ ] ≤ 𝑇 −4.

Part (b): There are two ways we can have Cost(𝑥New) > 𝛼𝜃ℓ under condition Fℓ,2. One way is

that a bad neighbor has been output as 𝑥New, and thus B′ℓ has occurred as discussed previously.

The other way is if 𝑥New = 𝑥ℓ and Cost(𝑥ℓ ) > 𝛼𝜃ℓ , in which case it must be that the solution 𝑥 ′

with Cost(𝑥ℓ ) ≤ 𝛼2𝜃ℓ was considered but did not make it past sub-phase ℓ . Let B′ℓ (𝑥 ′) denote this
latter event. Thus by a union bound we have

Pr[Cost(𝑥New) > 𝛼𝜃ℓ | Fℓ,2] ≤ Pr[B′ℓ ] + Pr[B′ℓ (𝑥 ′)] .
Again, from Lemma 3.8, Pr[B′ℓ ] ≤ 𝑇 −4

. It remains to bound Pr[B′ℓ (𝑥 ′)]. This event happens if 𝑥 ′
fails at least one of the checks that occur when 𝑥 ′ is considered in the inner ‘for’ loop of Algorithm 3.

By part (a) of Lemma 3.2 and a union bound, we have

Pr[B′ℓ (𝑥 ′)] ≤ ℓ𝑀−1𝑇 −4 ≤ ℓ𝑇 −4.

Combining these bounds completes part (b).
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Part (c): We can only have Cost(𝑥ℓ ) > 𝛼𝜃ℓ and 𝑥New ≠ 𝑥ℓ if some bad neighbor makes it past

sub-phase ℓ , which can only occur if B′ℓ has occurred. Thus we have

Pr[(Cost(𝑥New) > 𝛼𝜃ℓ ) ∧ (𝑥New ≠ 𝑥ℓ ) | Fℓ,3] ≤ Pr[B′ℓ ] ≤ 𝑇 −4

by Lemma 3.8. This yields the claim for the last case and completes the proof of the lemma. □

As a direct corollary of Lemma 3.9, we get that Algorithm 3 is unlikely to output a solution with

cost more than 𝛼𝜃ℓ when run in phase ℓ .

Corollary 3.10. Suppose that Algorithm 3 is run in phase ℓ with solution 𝑥ℓ and let 𝑥New be the
random solution which it outputs. Then we have that Pr[Cost(𝑥New) > 𝛼𝜃ℓ ] ≤ (ℓ + 1)𝑇 −4.

Proof. Under event Fℓ,1, the only way for Algorithm 3 to output a bad solution is to output

something other than 𝑥ℓ . Similarly, the only for Algorithm 3 to output a bad solution under event

Fℓ,3 is to output something other than 𝑥ℓ which happens to be bad. Then it follows from the law of

total probability and Lemma 3.9 that

Pr[Cost(𝑥New) > 𝛼𝜃ℓ ] = Pr[𝑥New ≠ 𝑥ℓ | Fℓ,1] Pr[Fℓ,1]
+ Pr[Cost(𝑥New) > 𝛼𝜃ℓ | Fℓ,2] Pr[Fℓ,2]
+ Pr[(Cost(𝑥New) > 𝛼𝜃ℓ ) ∧ (𝑥New ≠ 𝑥ℓ ) | Fℓ,3] Pr[Fℓ,3]
≤(ℓ + 1)𝑇 −4 (Pr[Fℓ,1] + Pr[Fℓ,2] + Pr[Fℓ,3])
=(ℓ + 1)𝑇 −4.

□

3.1.3 Proof of Lemma 3.4. Now we return to the proof of Lemma 3.4 which will utilize the tools

we developed from the analysis of Algorithm 3.

Proof of Lemma 3.4. Recall that Gℓ = ¬Cℓ ∨ ¬Mℓ , i.e., the good event for phase ℓ happens

if either Algorithm 2 doesn’t make it to phase ℓ or we have Cost(𝑥ℓ ) ≤ 𝜃ℓ . First, we claim that

Pr[Bℓ+1 | Gℓ ] ≤ Pr[Bℓ+1 | ¬Cℓ ]. To see this, we have:

Pr[Bℓ+1 | Gℓ ] =
Pr[Bℓ+1 ∧ (¬Cℓ ∨ ¬Mℓ )]

Pr[¬Cℓ ∨ ¬Mℓ ]

=
Pr[(Bℓ+1 ∧ ¬Cℓ ) ∨ (Bℓ+1 ∧ ¬Mℓ )]

Pr[¬Cℓ ∨ ¬Mℓ ]

≤ Pr[Bℓ+1 ∧ ¬Cℓ ]
Pr[¬Cℓ ∨ ¬Mℓ ]

+ Pr[Bℓ+1 ∧ ¬Mℓ ]
Pr[¬Cℓ ∨ ¬Mℓ ]

≤ Pr[Bℓ+1 ∧ ¬Cℓ ]
Pr[¬Cℓ ]

+ Pr[Bℓ+1 ∧ ¬Mℓ ]
Pr[¬Mℓ ]

= Pr[Bℓ+1 | ¬Cℓ ] + Pr[Bℓ+1 | ¬Mℓ ]
= Pr[Bℓ+1 | ¬Cℓ ]

The first line follows from the definition of Gℓ and conditional probability while the second line

follows from the distributive law for ∧ and ∨. We use a union bound in the third line and the

observation thatGℓ contains both¬Cℓ and¬Mℓ in the fourth line. To finish, the fifth line is again the

definition of conditional probability and the last step uses the observation that Pr[Bℓ+1 | ¬Mℓ ] = 0

since it is impossible for the algorithm to make it to phase ℓ + 1 if it has not made it to phase ℓ .

Thus we may focus on bounding Pr[Bℓ+1 | ¬Cℓ ]. Under condition ¬Cℓ , Cost(𝑥ℓ ) ≤ 𝜃ℓ by

definition. We analyze three cases depending on how Cost(𝑥ℓ ) relates to 𝜃ℓ .
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Case 1: Cost(𝑥ℓ ) ≤ 𝛼2𝜃ℓ . In this case, we have Cost(𝑥ℓ ) ≤ 𝛼𝜃ℓ+1 and the current cost is small

enough to move to phase ℓ + 1. Denote the event that Cost(𝑥ℓ ) ≤ 𝛼2𝜃ℓ by Eℓ,1. We will show

that Pr[Bℓ+1 | ¬Cℓ ∧ Eℓ,1] is small. If Algorithm 2 moves to phase ℓ + 1 with 𝑥ℓ+1 = 𝑥ℓ , then
Cost(𝑥ℓ+1) < 𝜃ℓ+1 so Bℓ+1 doesn’t happen. Thus the only way for Bℓ+1 to happen is if the

“if” statement on line 10 evaluates to true, which occurs when �Cost(𝑥ℓ ) > 2𝛼2𝜃ℓ/(1 + 𝛼).
We will show that this happens with small probability. Since �Cost(𝑥ℓ ) is the average of
𝑁ℓ independent samples each with mean Cost(𝑥ℓ ), by the first part of Lemma 3.2 and the

discussion above, we have

Pr[Bℓ+1 | ¬Cℓ ∧ Eℓ,1] ≤ Pr

[�Cost(𝑥ℓ ) > 2𝛼2

1 + 𝛼 𝜃ℓ
]
≤ 𝑀−1𝑇 −4 ≤ 𝑇 −4, (2)

completing the argument for this case.

Case 2: 𝛼𝜃ℓ ≤ Cost(𝑥ℓ ) ≤ 𝜃ℓ . For this case, we want Algorithm 3 to be called with high probability

and that it succeeds with high probability. Denote the event that 𝛼𝜃ℓ ≤ Cost(𝑥ℓ ) ≤ 𝜃ℓ by
Eℓ,2. In this case, there are two ways that we could fail to satisfy Cost(𝑥ℓ+1) ≤ 𝜃ℓ+1. The
first is by skipping the step which explores the neighborhood and moving to the next phase

with 𝑥ℓ+1 = 𝑥ℓ . This occurs when the “if” statement in line 10 of Algorithm 2 evaluates to

False, which happens with probability at most𝑀−1𝑇 −4
by part (b) of Lemma 3.2. Assuming

Algorithm 3 is called, the second way that we could fail to satisfy Cost(𝑥ℓ+1) ≤ 𝜃ℓ+1 is if
Algorithm 3 returns a bad neighboring solution. Corollary 3.10 shows that this occurs with

probability at most (ℓ + 1)𝑇 −4 ≤ 𝑇 −3
. Combining the bounds completes the analysis of this

case.

Case 3: 𝛼2𝜃ℓ < Cost(𝑥ℓ ) < 𝛼𝜃ℓ . This last case is more flexible; we use Eℓ,3 to denote the event that
Cost(𝑥ℓ ) ∈ (𝛼2𝜃ℓ , 𝛼𝜃ℓ ). Since Cost(𝑥ℓ ) ≤ 𝛼𝜃ℓ , we will be safe in either the situation that�Cost(𝑥ℓ ) > 2𝛼2𝜃ℓ/(1 + 𝛼) (and so we set 𝑥ℓ+1 = 𝑥ℓ ) or not (and so we use Algorithm 3 to

determine 𝑥ℓ+1). In the first situation, we clearly have Cost(𝑥ℓ ) ≤ 𝛼𝜃ℓ = 𝜃ℓ+1. In the other

situation, we use the same argument as in the previous case to argue that the probability of

setting 𝑥ℓ+1 to a bad neighbor is small. Thus we conclude that Pr[Bℓ+1 | ¬Cℓ ∧ Eℓ,3] ≤ 𝑇 −4

Since the three cases above are exhaustive, i.e., Eℓ,1 ∨ Eℓ,2 ∨ Eℓ,1 ≡ True when conditioned on Cℓ ,
we conclude by the law of total probability that

Pr[Bℓ+1 | Cℓ ] =
3∑︁

𝑖=1

Pr[Bℓ+1 | Cℓ ∧ Eℓ,𝑖 ] Pr[Eℓ,𝑖 | Cℓ ] ≤ 𝑇 −3

3∑︁
𝑖=1

Pr[Eℓ,𝑖 | Cℓ ] = 𝑇 −3,

completing the proof of this lemma. □

3.1.4 Bounding the Number of Phases. Let 𝐿 be the index of the last complete phase, i.e., Algorithm 2

either finds a local solution 𝑥Last in phase 𝐿 (which is then played until period 𝑇 ) or period 𝑇 is

reached in phase 𝐿 + 1. We will show that 𝐿 is logarithmic in 𝑇 , which will be helpful to establish

our regret bound later.

Lemma 3.11. 𝐿 ≤ log(𝑇 )/log( 1

𝛼
)
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Proof. By definition of 𝐿 we know that

∑𝐿
ℓ=1

𝑁ℓ ≤ 𝑇 , since this is just counting the number of

plays due to line 7 in Algorithm 2. From the definition of 𝑁ℓ , we have:

𝑇 ≥
𝐿∑︁
ℓ=1

𝑁ℓ

=

𝐿∑︁
ℓ=1

(
3𝐶max

𝛿2𝛼2𝜃ℓ
(4 log𝑇 + log𝑀)

)
≥

(
12 log𝑇

𝛿2𝛼2

) 𝐿∑︁
ℓ=1

(
1

𝛼

) ℓ−1

=

(
12 log𝑇

𝛿2𝛼2

) ( (
1

𝛼

)𝐿 − 1

1

𝛼
− 1

)
.

Rearranging this inequality to solve for 𝐿 and simplifying yields result. □

3.1.5 Final Regret Analysis. To complete the analysis, we separately analyze the 𝛾-regret incurred

by the algorithm during phases 1 to 𝐿 and the 𝛾-regret after phase 𝐿.

Regret from Phases 1 to 𝐿: Consider phase ℓ . We incur regret from playing the solution 𝑥ℓ and

also from playing neighboring solutions when Algorithm 3 is called. Let 𝑅ℓ,1 and 𝑅ℓ,2 represent

each of these quantities, respectively. We start by bounding 𝑅ℓ,1. Since OPT ≥ 0, by the law of total

expectation we have:

E[𝑅ℓ,1] = E[𝑅ℓ,1 | ¬Bℓ ] Pr[¬Bℓ ] + E[𝑅ℓ,1 | Bℓ ] Pr[Bℓ ]
≤ 𝜃ℓ𝑁ℓ +𝐶max𝑁ℓ ℓ𝑇

−3

≤ 12𝐶max

𝛿2𝛼2
(log𝑇 + log𝑀) +𝐶max𝑇

−1.

The first inequality follows since Cost(𝑥ℓ ) ≤ 𝜃ℓ under ¬Bℓ (giving the first term) and Corollary 3.5

(which bounds Pr[Bℓ ]). The second inequality follows from the definition of 𝑁ℓ and the fact that

𝑁ℓ and ℓ are both smaller than 𝑇 .

Bounding 𝑅ℓ,2 is similar, but we have to account for each sub-phase. We see that:

E[𝑅ℓ,2] = E[𝑅ℓ,2 | ¬B′ℓ ] Pr[¬B′ℓ ] + E[𝑅ℓ,2 | B′ℓ ] Pr[B′ℓ ]

≤ 𝑀
ℓ∑︁

ℓ ′=1

𝜃ℓ ′𝑁ℓ ′ +𝐶max ·𝑇 ·𝑇 −4

≤ 12𝑀ℓ𝐶max

𝛿2𝛼2
(log𝑇 + log𝑀) +𝐶max𝑇

−3.

The first term in the first inequality follows since in the worst case we play each neighboring

solution in all sub-phases, but under event ¬B′ℓ we never play a solution with cost more than 𝜃ℓ ′ in

each sub-phase ℓ ′. The second term follows since, under B′ℓ , we can’t play a solution of cost more

than 𝐶max for more than 𝑇 steps and Pr[B′ℓ ] ≤ 𝑇 −4
by Lemma 3.8.

Regret Incurred after Phase 𝐿: Let 𝑅>𝐿 denote the regret incurred after phase 𝐿. We need to

consider both the case where Algorithm 2 terminated with a solution 𝑥Last and when it did not.

Denote the former event by L. Then we have

E[𝑅>𝐿] = E[𝑅>𝐿 | L] Pr[L] + E[𝑅>𝐿 | ¬L] Pr[¬L] .
We now focus on each conditional expectation and show that the regret is small in each.
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Consider the first case where we condition on L, and so we have that Algorithm 2 terminated

with some solution 𝑥Last which is used for all remaining rounds. This happens when Algorithm 3 is

run in phase 𝐿 and returns the solution 𝑥𝐿 . We want to show that it is unlikely for 𝑥𝐿 to satisfy

Cost(𝑥𝐿) > 𝛾OPT. Suppose Cost(𝑥𝐿) > 𝛾OPT, then by Definition 2.2, we have thatN(𝑥ℓ ) contains
a solution 𝑥 ′ with Cost(𝑥 ′) ≤ 𝛽 Cost(𝑥𝐿) = 𝛼2 Cost(𝑥𝐿). This means that event Fℓ,2 has occurred,
and by Lemma 3.9 the probability of Algorithm 3 yielding 𝑥𝐿 as output is at most (ℓ + 1)𝑇 −4 ≤ 𝑇 −3

.

If, instead, Cost(𝑥𝐿) ≤ 𝛾OPT, we incur zero 𝛾-regret. Together, E[𝑅>𝐿 | L] ≤ 𝐶max𝑇 ·𝑇 −3
.

Now suppose L does not occur. In this case, period𝑇 was reached before finding an approximate

local optimum, midway through executing an incomplete phase 𝐿+1. We can use similar techniques

to bound 𝑅>𝐿 for this incomplete phase as we for 𝑅ℓ above, in fact, we can simply consider 𝑅>𝐿 to

be 𝑅𝐿+1. It follows from the same arguments as before that

E[𝑅>𝐿 | ¬L] = E[𝑅𝐿+1] ≤
12(𝑀 + 1) (𝐿 + 1)𝐶max

𝛿2𝛼2
(log𝑇 + log𝑀) + 2𝐶max𝑇

−1.

Putting everything together,

E[𝑅>𝐿] ≤
12(𝑀 + 1) (𝐿 + 1)𝐶max

𝛿2𝛼2
(log𝑇 + log𝑀) + 3𝐶max𝑇

−1.

Combining the Bounds: Summing all the terms together, we have:

Regret𝛾 (A,D,𝑇 ) ≤
𝐿∑︁
ℓ=1

(
E[𝑅ℓ,1] + E[𝑅ℓ,2]

)
+ E[𝑅>𝐿]

≤ 𝑂
(
𝑀𝐶max

𝛿2𝛼2
(log𝑇 + log𝑀)

) 𝐿∑︁
ℓ=1

ℓ +𝑂
(
𝑀𝐶max𝐿

𝛿2𝛼2
(log𝑇 + log𝑀)

)
≤ 𝑂

(
𝑀𝐶max𝐿

2

𝛿2𝛼2
(log𝑇 + log𝑀)

)
≤ 𝑂

(
𝑀𝐶max log

2𝑇

𝛿2𝛼2
log

2 1

𝛼

(log𝑇 + log𝑀)
)
,

where in the last step we used the bound on 𝐿 from Lemma 3.11. This establishes Theorem 3.1.

4 Applications of Our Framework
4.1 Stochastic Completion Time Scheduling on a Single Machine
We consider the problem of scheduling stochastic jobs to minimize total completion time on a

single machine. LetD be a distribution over job sizes which is unknown to the scheduler. There are

𝑛 jobs with stochastic sizes 𝑃 = (𝑃1, 𝑃2, . . . , 𝑃𝑛) ∼ D. Let 𝜇 𝑗 := E[𝑃 𝑗 ] denote the expected size of

job 𝑗 . We only require independence across time periods; a pair of jobs 𝑗 and 𝑗 ′ may have correlated

size distributions. We also make a standard assumption that the job size distribution is bounded

and normalized to be in [0, 1].
A schedule is given by a permutation 𝜋 : [𝑛] → [𝑛] specifying that job 𝑗 is scheduled in

position 𝜋 ( 𝑗). Let Π𝑛 be the permutations on [𝑛], the feasible schedules. Given a schedule 𝜋 , let

𝐶 𝑗 (𝜋, 𝑃) := 𝑃 𝑗 +
∑

𝑗 ′ :𝜋 ( 𝑗 ′ )<𝜋 ( 𝑗 ) 𝑃 𝑗 ′ be the completion time of job 𝑗 under schedule 𝜋 and sizes 𝑃 .

After reordering the summation, the cost of a schedule 𝜋 is

Cost(𝜋, 𝑃) =
𝑛∑︁
𝑗=1

𝐶 𝑗 (𝜋, 𝑃) =
𝑛∑︁
𝑗=1

(𝑛 − 𝜋 ( 𝑗) + 1)𝑃 𝑗 . (3)
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Let OPT := min𝜋 E𝑃∼D [Cost(𝜋, 𝑃)]. We focus on learning from limited feedback using fixed,

non-preemptive schedules. In the single machine case full-information case, it is well known that

the optimal schedule is given by applying Smith’s rule to the expected job sizes: 𝜋∗ orders the jobs
in non-decreasing order of 𝜇 𝑗 , or shortest expected processing time first [43, 45].

When learning to schedule with bandit feedback, the scheduler gains information by interacting

with unknown D through the following process which occurs in each of 𝑇 discrete time periods.

In period 𝑡 ∈ [𝑇 ], the scheduler commits to a schedule 𝜋𝑡 before job sizes are realized according

to an independent sample 𝑃𝑡 ∼ D. Then the scheduler observes Cost(𝜋𝑡 , 𝑃𝑡 ), the realized total

completion time of schedule 𝜋𝑡 , but does not observe the realized job sizes 𝑃𝑡 .

For a schedule 𝜋 , define error(𝜋) := E[Cost(𝜋, 𝑃)] − OPT to measure the expected regret we

incur by using 𝜋 for one step. Recall that in this case an optimal schedule 𝜋∗ must schedule 𝑗 after

𝑗 ′ if and only if 𝜇 𝑗 > 𝜇 𝑗 ′ . We say that 𝜋 inverts a pair of jobs 𝑗, 𝑗 ′ with 𝜇 𝑗 > 𝜇 𝑗 ′ if instead it has

𝜋 ( 𝑗) < 𝜋 ( 𝑗 ′). The following proposition shows that we can write error(𝜋) in terms of inversions

in 𝜋 from an optimal schedule.

Proposition 4.1 (Lindermayr and Megow [37]). For any schedule 𝜋 ,

error(𝜋) =
∑︁

𝑗, 𝑗 ′ :𝜇 𝑗>𝜇 𝑗 ′

(
𝜇 𝑗 − 𝜇 𝑗 ′

)
1{𝜋 ( 𝑗) < 𝜋 ( 𝑗 ′)}.

Let N(𝜋) = {𝜋 ′ ∈ Π𝑛 | ∃𝑖 ≠ 𝑗, 𝜋 (𝑖) = 𝜋 ′ ( 𝑗), 𝜋 ( 𝑗) = 𝜋 ′ (𝑖), and 𝜋 (𝑘) = 𝜋 ′ (𝑘) for all 𝑘 ∉

[𝑛] \ {𝑖, 𝑗}} be the the neighborhood of schedules that consists of swapping a single pair of jobs.

We show this admits (𝛽,𝛾)-improving moves, with 𝛾 = 1 + 𝜖 for any 𝜖 > 0 and 𝛽 = 1 − 𝜖/𝑛2.

Lemma 4.2. Let 𝜋 be any schedule with Cost(𝜋) > (1 + 𝜖)OPT with 𝜖 ∈ (0, 1), then there exists a
schedule 𝜋 ′ obtainable from 𝜋 by swapping a single pair of jobs such that

Cost(𝜋 ′) ≤
(
1 − 𝜖

𝑛2

)
Cost(𝜋).

Proof. First we lower bound Cost(𝜋) − OPT by 𝜖 · Cost(𝜋)/2 since

Cost(𝜋) − OPT ≥ Cost(𝜋) − Cost(𝜋)
1 + 𝜖 =

𝜖 · Cost(𝜋)
1 + 𝜖 ≥ 𝜖 · Cost(𝜋)

2

.

Next, we upper bound Cost(𝜋) − OPT = error(𝜋) as

error(𝜋) =
∑︁

𝑗, 𝑗 ′ :𝜇 𝑗>𝜇 𝑗 ′

(𝜇 𝑗 − 𝜇 𝑗 ′ )1{𝜋 ( 𝑗) < 𝜋 ( 𝑗 ′)} ≤
(
𝑛

2

)
· max

𝑗, 𝑗 ′ :𝜇 𝑗>𝜇 𝑗 ′
(𝜇 𝑗 − 𝜇 𝑗 ′ )1{𝜋 ( 𝑗) < 𝜋 ( 𝑗 ′)}

where we use the fact that there are at most

(
𝑛
2

)
terms in the sum. Combining these bounds, we

conclude that there exists a pair 𝑗, 𝑗 ′ with 𝜇 𝑗 > 𝜇′𝑗 and 𝜋 ( 𝑗) < 𝜋 ( 𝑗 ′) such that

𝜇 𝑗 − 𝜇 𝑗 ′ ≥
𝜖 · Cost(𝜋)

2

(
𝑛
2

) ≥ 𝜖 · Cost(𝜋)
𝑛2

.

For the new schedule 𝜋 ′ created by swapping the positions of 𝑗 and 𝑗 ′ in 𝜋 , we observe that

Cost(𝜋) − Cost(𝜋 ′) = (𝜋 ( 𝑗 ′) − 𝜋 ( 𝑗)) (𝜇 𝑗 − 𝜇 𝑗 ′ ) ≥ (𝜇 𝑗 − 𝜇 𝑗 ′ ) ≥
𝜖 · Cost(𝜋)

𝑛2
,

which uses the fact that 𝜋 ( 𝑗 ′) −𝜋 ( 𝑗) ≥ 1 by construction. The lemma follows after rearranging. □

Corollary 4.3. Consider the problem of scheduling to minimize total completion time with sto-
chastic job sizes drawn from distribution D. For any 𝜖 > 0 there is an algorithm A (Algorithm 2)
with

Regret
1+𝜖 (A,D,𝑇 ) = 𝑂

(
𝑛12

log
3𝑇

𝜖4

)
.
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Proof. We apply Theorem 3.1 and simplify with problem-specific parameters. For the swap

neighborhood, the maximum neighborhood size is𝑀 ≤ 𝑛2
. Job sizes are at most 1, so 𝐶𝑚𝑎𝑥 ≤ 𝑛2 .

We can bound

log(1/𝛼) = −1

2

log(1 − 𝜖/𝑛2) ≥ 1

2

𝜖

𝑛2

since log(1 − 𝑥) ≤ −𝑥 for 𝑥 > −1. We can also bound

𝛿2𝛽 =
(1 − 𝜖/𝑛2) (𝜖/𝑛2)2

(1 +
√︁

1 − 𝜖/𝑛2)4
≥ 16(1 − 𝜖/𝑛2) (𝜖/𝑛2)2 ≥ 8𝜖2/𝑛4

since 1 − 𝜖/𝑛2 < 1, implying (1 +
√︁

1 − 𝜖/𝑛2)4 ≤ 16. The result follows after substitution and

observing log𝑛 ≤ log𝑇 . □

4.2 Minimum Cost Base of a Matroid
We now apply our framework to the online stochastic bandit setting for finding a minimum cost

base in a matroid. Let𝑀 = (S,I) be a matroid on ground set S of cardinality |S| = 𝑛 with family

of independent sets I. Let B be its family of bases, or maximal independent sets, so that each that

𝐵 ∈ B satisfies 𝐵 ∈ I and there is no 𝑠 ∈ 𝑆 \ 𝐵 such 𝐵 ∪ 𝑠 ∈ I. The rank of set 𝑆 , denoted 𝑟 (𝑆), is
the cardinality of the largest independent subset of 𝑆 . The rank of matroid𝑀 is the cardinality of a

base, so 𝑟 (𝑀) = |𝐵 |.
In the minimum cost base problem, each element 𝑠 ∈ S is associated a cost and the objective is

to find a base of minimum total cost. In the online stochastic bandit setting, the learner acts over

a sequence of 𝑇 time periods, selecting base 𝐵𝑡 in period 𝑡 = 1, . . . ,𝑇 . In each period 𝑡 , stochastic

costs 𝑍 𝑡 = {𝑍 𝑡
𝑠 }𝑠∈S ∼ D realize for each element 𝑠 ∈ S, where D is a joint distribution over edge

costs. In time step 𝑡 , given underlying realizations 𝑧𝑡 , the learner observes only the cost of base 𝐵𝑡 ,

which is Cost(𝐵𝑡 , 𝑧𝑡 ) = ∑
𝑠∈𝐵𝑡 𝑧𝑡𝑠 . Let 𝜇𝑒 = E𝑍∼D [𝑍𝑒 ] denote the expected cost of edge 𝑒 , and let

𝐵∗ = arg min𝐵′∈B E𝑍∼D [Cost(𝐵′, 𝑍 )] be the base with lowest expected cost.

We now define the local search neighborhood which will allow us achieve low regret online. A

circuit 𝐶 is a minimally dependent set: 𝐶 ∉ I but every subset of 𝐶 is independent.

Definition 4.4. Given a base B of matroid𝑀 and 𝑠 ∈ S \ 𝐵, there is a unique circuit 𝐶 (𝑠, 𝐵) such
that 𝑥 ∈ 𝐶 (𝑠, 𝐵) ⊆ 𝐵 ∪ 𝑠 . Furthermore, for each 𝑡 ∈ 𝐶 (𝑠, 𝐵), (𝐵 ∪ 𝑠) \ 𝑡 is also a base.

Definition 4.5. Given matroid𝑀 with bases B, letN : B → 2
B
be the circuit swap neighborhood

map. More formally, for each 𝐵 ∈ B, let
N(𝐵) = {𝐵′ ∈ B | 𝐵′ = (𝐵 ∪ 𝑠) \ 𝑡 for some 𝑠 ∈ S \ 𝐵, 𝑡 ∈ 𝐶 (𝑠, 𝐵)},

soN(𝐵) is the set of bases reachable from 𝐵 by adding an element 𝑠 ∉ 𝐵 to B, followed by removing

an element 𝑡 from the resulting circuit 𝐶 (𝑠, 𝐵).

We will make use of the following well-known property of matroids.

Lemma 4.6 (Frank [24]). If 𝐵1, 𝐵2 ∈ B, then there exists a bijection 𝑓 : (𝐵1 \ 𝐵2) → (𝐵2 \ 𝐵1) such
that 𝐵1 \ {𝑥} ∪ 𝑓 (𝑥) ∈ B for every 𝑥 ∈ 𝐵1 \ 𝐵2.

We can now show that the circuit swap neighborhood admits (𝛽,𝛾)-improving moves.

Lemma 4.7. Given matroid𝑀 , the circuit swap neighborhood admits (𝛽,𝛾)-improving moves with
𝛾 = 1 + 𝜖 for any 𝜖 > 0 and 𝛽 = 1 − 𝜖/(2𝑟 (𝑀)).

Proof. Consider 𝐵 ∈ B satisfying Cost(𝐵) > (1 + 𝜖) Cost(𝐵∗) for 𝜖 ∈ (0, 1).It follows that ,

Δ = Cost(𝐵) − Cost(𝐵∗) ≥ Cost(𝐵) − Cost(𝐵)
1 + 𝜖 =

𝜖 · Cost(𝐵)
1 + 𝜖 ≥ 𝜖 · Cost(𝐵)

2

.
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We want to show there exists 𝐵′ ∈ N (𝐵) satisfying Cost(𝐵′) ≤ 𝛽 Cost(𝐵). It is easy to see that

Δ = Cost(𝐵) − Cost(𝐵∗) =
∑︁

𝑒∈𝐵\𝐵∗
𝜇𝑒 −

∑︁
𝑒∈𝐵∗\𝐵

𝜇𝑒 .

From Lemma 4.6, construct a bijection 𝑓 : (𝐵 \ 𝐵∗) → (𝐵∗ \ 𝐵) such that 𝐵 \ {𝑠} ∪ 𝑓 (𝑠) is a base for
every 𝑠 ∈ 𝐵 \𝐵∗. If we start from 𝐵, then delete 𝑠 and add 𝑓 (𝑠) from 𝐵 for all 𝑠 ∈ 𝐵 \𝐵∗, we transform
from base 𝐵 to 𝐵∗. Since there are at most |𝐵 | = 𝑟 (𝑀) items in 𝐵 \ 𝐵∗, there must exist 𝑠′ ∈ 𝐵 \ 𝐵∗,
for which 𝐵 \ 𝑠′ ∪ 𝑓 (𝑠′) improves the cost by at least Δ/𝜌 (𝑀). Let𝑇 ′ = 𝐵 \ 𝑠′ ∪ 𝑓 (𝑠′) ∈ N (𝐵). Then

Cost(𝐵) − Cost(𝐵′) ≥ Δ

𝜌 (𝑀) ≥
𝜖 · Cost(𝐵)

2𝑟 (𝑀) .

□

Corollary 4.8. Consider the problem of finding a minimum cost base in a matroid𝑀 = (S,I)
with |S| = 𝑛 and rank 𝑟 (𝑀) = 𝑟 when element costs are stochastically drawn from D. For any 𝜖 > 0,
there is an algorithm A (Algorithm 2) with

Regret
1+𝜖 (A,D,𝑇 ) = 𝑂

(
𝑛𝑟 6

log
2𝑇

𝜖4
(log𝑇 + log𝑛)

)
= 𝑂

(
𝑛𝑟 6

log
3𝑇

𝜖4

)
.

Proof. We apply Lemma 4.7 and Theorem 3.1 with (𝛽,𝛾) = (1 − 𝜖/2𝑟, 1 + 𝜖) for 𝜖 > 0. Thus we

just need to bound𝑀 ,𝐶max,
1

𝛼2
,

1

𝛿2
, and log

1

𝛼
. It is easy to see that𝑀 ≤ 𝑛𝑟 and that𝐶max ≤ 𝑟 . Next,

we can see that
1

𝛼2
= 𝑂 (1) for 𝜖 ≤ 𝑟 since 𝛼2 = 1 − 𝜖/2𝑟 ≥ 1/2. For 1

𝛿2
, we have:

𝛿 =
1 − 𝛼
1 + 𝛼 =

1 − 𝛼2

(1 + 𝛼)2 =
𝜖/2𝑟

1 + 2𝛼 + 𝛼2
≥ 𝜖

8𝑟
.

Finally, for log(1/𝛼) we have:

log

1

𝛼
= log

(
1

1 − 𝜖/2𝑟

)
1/2

= −1

2

log (1 − 𝜖/2𝑟 ) ≥ −1

2

log exp (−𝜖/2𝑟 ) = 𝜖

4𝑟
.

Combining in Theorem 3.1 yields the bound. □

4.3 Uncertain 𝑘-Median Clustering
Our final application concerns 𝑘-median clustering where the set of points to be clustered are

drawn at random from an unknown distribution. The following setup was studied by Cormode

and McGregor [16] and Guha and Munagala [27] for a several of 𝑘-clustering objectives in the

offline setting. An instance consists of 𝑛 points arriving from a metric space (M, 𝑑) of diameter 1.

The location of the 𝑖’th point is uncertain and the objective is to choose 𝑘 cluster centers which

minimize the total expected distance between each arriving point and its closest cluster center. We

let 𝑍𝑖 ∈ M denote the random realization of the 𝑖’th point

For a fixed location 𝑧 ∈ M and a fixed set 𝐶 of cluster centers, let 𝑑 (𝑧,𝐶) = min𝑐∈𝐶 𝑑 (𝑧, 𝑐)
denote the distance of 𝑧 to its nearest cluster center in 𝐶 . Then the cost of a solution 𝐶 on points

𝑍 = (𝑍1, 𝑍2, . . . , 𝑍𝑛) is
Cost(𝐶,𝑍 ) =

∑︁
𝑖∈[𝑛],𝑧∈Z

1{𝑍𝑖 = 𝑧} · 𝑑 (𝑧,𝐶).

Thus, the expected cost of solution 𝐶 is given by

E[Cost(𝐶,𝑍 )] =
∑︁

𝑖∈[𝑛],𝑧∈Z
Pr[𝑍𝑖 = 𝑧] · 𝑑 (𝑧,𝐶),

and OPT denotes the expected cost of a set of cluster centers which minimizes this expected cost.
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In the bandit setting, we do not observe the realizations of the point locations. In each round 𝑡 a

set of cluster center locations 𝐶𝑡 is submitted, after which the learner only observes Cost(𝐶𝑡 , 𝑍 ).
Let N(𝐶) = {𝐶′ ∈ X | 𝐶 ∪ {𝑏} \ {𝑎}, 𝑎 ∈ 𝐶,𝑏 ∈ X \ 𝐶} be the swap-neighborhood of cluster

centers 𝐶 . Arya et. al. [3] propose a local search algorithm for the 𝑘-medians problem which starts

from an arbitrary set of 𝑘 cluster centers 𝐶 and repeatedly moves to neighboring 𝐶′ ∈ N (𝐶)
satisfying Cost(𝐶′) ≤ (1−𝜖) Cost(𝐶) until no local improvement is found. Cormode and McGregor

[16] shows that this is equally effective for the uncertain 𝑘-medians problem.

Lemma 4.9 (Arya et al. [3] and Cormode and McGregor [16]). For the uncertain 𝑘-median
clustering problem, local search with 𝜖-improvements terminates in 𝐶 ∈ X satisfying Cost(𝐶) ≤
(5/(1 − 𝑛𝜖)) Cost(𝐶∗).

We can leverage this to show that uncertain 𝑘-median clustering permits (𝛽,𝛾)-improving moves.

Lemma 4.10. The Minimum Cost 𝐾-Median problem with 𝑛 input points admits (𝛽,𝛾)-improving
moves where 𝛾 = 5/(1 − 1

𝑛
) and 𝛽 = (1 − 1/𝑛2).

Proof. We prove this lemma by contradiction. Suppose that the local search algorithm does not

admit (𝛽,𝛾)-improving moves where 𝛾 = 5/(1 − 1

𝑛
) and 𝛽 = (1 − 1/𝑛2). This implies that there

exists 𝐶 ∈ X with Cost(𝐶) > 𝛾 Cost(𝐶∗) and that Cost(𝐶′) > 𝛽 Cost(𝐶) for all 𝐶′ ∈ N (𝐶). It
follows that the local search algorithm of [16] may terminate with 𝐶 as a local optimum. However,

setting 𝜖 = 1/𝑛2
in Lemma 4.9 gives a 5/(1 − 1/𝑛)-factor approximation algorithm. This implies

that Cost(𝐶) ≤ 5

1− 1

𝑛

Cost(𝐶∗), a contradiction. □

Corollary 4.11. Consider the uncertain 𝑘-median clustering with candidate set of𝑚 potential
cluster centers where the locations of𝑛 points in a metric space of diameter 1 are drawn from distribution
D. There exists algorithm A (Algorithm 2) achieving

Regret
5𝑛/(𝑛−1) (A,D,𝑇 ) = 𝑂

(
𝑛9𝑚2

log
3𝑇

)
,

when𝑚2 ≤ 𝑇 .

Proof. We apply Theorem 3.1 and simplify with problem-specific parameters. For the swap

neighborhood, the maximum neighborhood size is𝑀 ≤ |X|2 =𝑚2
. The metric space has diameter

1, so 𝐶𝑚𝑎𝑥 ≤ 𝑛. As in the proof of Corollary 4.3, We can bound log(1/𝛼) ≥ 1/2𝑛2
and 𝛿2𝛽 ≥ 8/𝑛4

.

The result follows after substitution and observing log𝑛 ≤ log𝑇 . □

5 Discussion
We conclude by discussing a couple of relevant issues not raised elsewhere.

For ease of exposition we assumed the algorithm knows 𝑇 , and that there is an upper bound

𝐶max on costs. It is straightforward but tedious to modify the algorithms and analysis to not require

explicit knowledge of 𝑇 . Similarly, we can replace the assumption of bounded costs with suitable

distributional assumptions about the cost. For example, we could require a sub-gaussian like

condition on the tails of the distribution or even just finite variance. In the latter case, we could

make use of tools for handling heavy-tailed distributions in the bandit setting [10].

It remains to computationally demonstrate the benefits of our algorithm. All three applications

are instances of linear bandits[9, 18, 36], so a natural starting point may be to compare the regret

of our algorithm with that of a linear bandit style algorithm which, in each step, uses the bandit

feedback to estimate problem parameters (eg. mean job sizes for completion time scheduling), then

computes the solution to an offline instance of the problem with those parameters to submit in

the next time step. For the scheduling and matroid applications the offline instances can be solved

efficiently, for clustering we have to resort to an approximate solution due to NP-hardness.
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An exciting direction for future work is exploring further applications for our framework where

local search is effective offline. Some applications may require generalizing our current approach,

for example, the local search guarantees for set cover [28] rely on finding neighboring solution

which improves a specialized potential function, and not the objective function directly. It is an

open question whether a version of (𝛽,𝛾)-improving moves defined on such potential functions

can provide guarantees in the bandit online setting.
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